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1 Background of the problem

Numerical Relativity|— Necessary for unveiling the nature of strong gravity

— Gravitational Wave from colliding Black Holes, Neutron Stars, Supernovae, .
— Relativistic Phenomena like Cosmology, Active Galactic Nuclei, .
— Mathematical feedbacks to Singularity, Exact Solutions, Chaotic behavior, .

— Labratory of Gravitational theories, Higher dimensional models, .

Best Einstein formulation for long-term stable and accurate simulation?

Many (too many) trials and errors, not yet a systematical understanding

strategy O:
strategy 1:
strategy 2:
strategy 3:

Arnowitt-Deser-Misner formulation

Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM

Apply a formulation which reveals a hyperbolicity explicitly

Formulate a system which is “asymptotically constrained” against a violation of constraints

The direct use of the standard ADM equations is not recommended.
By adding constraints in RHS, we can kill error growing modes
= How can we understand systematically?




strategy 1 Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM
— define new variables @Q@N&QHJ. instead of the ADM's (;;,K;;) where

~

i =y, Ay =K = (13)yK), TP =T,

use momentum constraint in ["-eq., and impose det¥;; = 1 during the evolutions.
— The set of evolution equations become
(0 — Ls)¢ = —(1/6)aK,
(00— L) = —204y;,
0y — Lo)K = aAj ;A7 4+ (1/3)aK? — 47 (V;V;a),
(0 — Ls)Ay = —e (V;V,a)"F + mL@Qm%v — e a(1/3)7;R® + a(K Ay; — 243 AF))
O = —2(0;0)A7 — (4/3)a(0; K77 + 12047 (9;0) — 20447 (0,4™) — 20T A7 4"
=0 (807" =AM (Ou3) — 7 (OB) + (2/3)77 (08"))
Ry = O If, — o}, + Tk, — T\ = Ry + Ry,
R = =2D;D;¢ — 24, D' Digy + 4(D;0)(D;) — 4Gi;(D'6)(Dig)
Rij = —(1/2)§" Opmdij + m\%&v? + ?w@.é + wmwswmﬁ@wgs + glmIE Ty

— No explicit explanations why this formulation works better.
Potsdam group (2000): the replacement by momentum constraint is essential.




strategy 2 Apply a formulation which reveals a hyperbolicity explicitly.

For a first order partial differential equations on a vector w,

U1 U1 U1
O | us | = A O, | us + B | uy
characteristic part lower order part

if the eigenvalues of A are

weakly hyperbolic all real.

strongly hyperbolic  all real and 3 a complete set of eigenvalues.

symmetric hyperbolic if A is real and symmetric (Hermitian).

Expectations

— Wellposed behaviour

symmetric hyperbolic system => WELL-POSED , ||u(t)| < e"|[u(0)]|

— Better boundary treatments <= d characteristic field.

— known numerical techniques in Newtonian hydrodynamics.



80s 90s 2000s

87 95 99

Nakamura-0Oohara | | Shibata-Nakamura || Baumgarte-Shapiro

62
ADM

92 97
Bona-Masso Alcubierre

95-97 99

01

01

Kidder-Scheel
-Teukolsky

ChoquetBruhat-York|| Anderson-York
96

Frittelli-Reula
///Mrmz
Lambda-system

86 00

Ashtekar 3= | Yoneda-Shinkai

adjusted-system




80s

62

9s  (Nakamura-Ochard> ((Shibata)  2000s
87 95 99
Nakamura-0Oohara | | Shibata-Nakamura || Baumgarte-Shapiro .
'I \

ADM

_ mm==—""® G-code
=" H-code »

92 é 97

- \
\
BSSN-code (" Potsdam a'

| ST

95-97

Bona-Masso Alcubierre

99

—i
l"""' S

~

PennState

adjusted-system

ChoquetBruhat-York

Anderson-York

l"l".
.1\\0

S
ll‘

AnmmmmmﬂﬂuHﬂﬂwmmwwwv //v’, Kidder-Scheel

96

Frittelli-Reula

01

-Teukolsky

Cattech

D

/@

Lambda-system

86

Ashtekar

>

O,
_» CShinkai-Yoneda>

00 e

Yoneda-Shinkai




strategy 2 Apply a formulation which reveals a hyperbolicity explicitly. (cont.)

weakly hyperbolic > strongly hyperbolic > symmetric hyperbolic systems,

Are they actually helpful? Which level of hyperbolicity is necessary?
Using Ashtekar’s variables between we found that [HS-Yoneda, CQG17(2000)4799]

(1) the three levels of hyperbolicity can be obtained by adding constraint terms and/or im-
posing gauge conditions

(2) there is no drastic difference in the accuracy of numerical evolutions in these three levels
(comparison of nonlinear wave propagation in a plane symmetric spacetime)

(3) the symmetric hyperbolic system is not always the best for reducing numerical errors

Note that IBVP (Initial Boundary Value problem) requires “symmetric hyperbolicity” to be
treated with.



Kidder-Scheel-Teukolsky hyperbolic formulation (Anderson-York + Frittelli-Reula)
Phys. Rev. D. 64 (2001) 064017

e Construct a First-order form using variables (K;;, ¢;;, dii;) where dj;; = 0kgi;
Constraints are (H, M, Ci;j, Ciiij) where Crij = dyij — Orgij, and Cyij = Ojrdyy;j

e Densitize the lapse, Q = log(Ng™7)

e Adjust equations with constraints
Ohgij = —2NK;;
@R@ = (-+-) +7NgiyH + AZQ%Q%?
Oodrij = (-+-) + NN grxiMjy + xNgi My
e Re-deining the variables (P;;, g;j, Mji;)
P = Kij + 295K,
Myij = (1/2)[kdyi; + édip + gij(adi + bbi) + gi(edyy + dby)],  die = g dgay, b = 9" dan
The redefinition parameters
— do not change the eigenvalues of evolution egs.
— do not effect on the principal part of the constraint evolution egs.

— do affect the eigenvectors of evolution system.

— do affect nonlinear terms of evolution eqgs/constraint evolution egs.



strategy 3 Formulate a system which is “asymptotically constrained” against a violation of constraints
“Asymptotically Constrained System”— Constraint Surface as an Attractor

method 1: A-system (Brodbeck et al, 2000)

— Add aritificial force to reduce the violation of con-
straints

— To be guaranteed if we apply the idea to a sym-

metric hyperbolic system.
w method 2: Adjusted system (Yoneda HS, 2000, 2001)

T 0 — We can control the violation of constraints by ad-
[\ = . . .
justing constraints to EoM.

— Eigenvalue analysis of constraint propagation

Constrained / Surface equations may prodict the violation of error.

(satisfies /Einstein's constraints)
— This idea is applicable even if the system is not

symmetric hyperbolic. =
for the ADM formulation, too!!




ldea of A\-system
Brodbeck, Frittelli, Hiibner and Reula, JMP40(99)909

We expect a system that is robust for controlling the violation of constraints

Recipe
1. prepare symmetric hyperbolic evolution system ou = Ju' + K

2. confirm the evolution of constraint behaves good 96,C = DC'+ EC

3. introduce A as an indicator of violating constraint 9\ = aC — 8\

initially A = 0, obey dissipative egs. of motion (a#£0,8>0)
: u A 0\ (u)
4. take a set of (u, \) as a dynamical system Oy Ayv ~ Aﬁ ov Ayv
5. modify evolution equation so as to 3 A:v B A\» ﬁv A:v\
form a symmetric hyperbolic system ) AR 0)

Remarks
e BFHR used a sym. hyp. formulation by Frittelli-Reula [PRL76(96)4667]

e Version for the Ashtekar formulation by HS-Yoneda [PRD60(99)101502]

for controlling the constraints or reality conditions or both.

e succeeded in evolution of GW in planar spacetime using Ashtekar vars. [CQG18(2001)441]



|dea of “Adjusted system” and Our Conjecture
CQG18 (2001) 441, PRD 63 (2001) 120419, CQG 19 (2002) 1027

General Procedure
1. prepare a set of evolution egs. Opu” = f(u, opus, - - -)
2. add constraints in RHS A = f(u, dyut,---) + F(C, 0,00, - )

3. choose appropriate F(C* 0,C%, )
to make the system stable evolution

How to specify F'(C“, 0,0 --+) ?
4. prepare constraint propagation egs. 0,C* = g(C*, 0,C*, - - +)

5. and its adjusted version 0,C" = g(C*, 9,C,--+) + G(C*,0,C", - - )

A A

6. Fourier transform and evaluate eigenvalues 9,C* = A(C) C*

Conjecture: Evaluate eigenvalues of (Fourier-transformed) constraint propagation egs.
If their (1) real part is non-positive, or (2) imaginary part is non-zero, then the system is more stable.




3 Adjusted ADM systems

We adjust the standard ADM system using constraints as:

Oyij = —2akK;;+ V0 + V[, (1
+PH + Q" My + 1" (ViH) + ¢ (ViM,), (2
O K = aRY +aKK; — 20K K" — V, V0 + (Vi) Ky + (V85 Ki + 8V K5 (3
nTin + %w@.\/\? + ﬁw@.Aq\ﬂ\Iv + mi@.Aq\?\/\tvu &

N— N N

with constraint equations

H = R® 4+ K? - K;;K", (5)
.>\~@. = QNNAQ.@. — QNNW Amv

We can write the adjusted constraint propagation equations as

OH. — (orginal terms) + HY"(2] + HY™0(2) + HY™00,(2)] + HY[(4), (7
OyM; = (original terms) + My;""[(2)] + Mo/ 0,[(2)] + Ms;""[(4)] + My4”™"0;[(4)]. (8)



The constraint propagation equations of the original ADM equation:
e Expression using H and M, (1)

OH = B(O/H) + 2aKH — 20" (9;M;) + a(Oryims) 27™ 4" — v YM; — 447 (0;0) M,
OM; = —(1/2)a(0/H) — (9;0)H + 37 (0;M;) + a K M; — B+ 0y ) M + (08 )7 M.

e Expression using H and M, (2)

OH = BOH +20KH — 20y~ 20,(/AM) — 4(01) M
= BV/H 4 2aKH — 2a(ViMY) — 4(V,a) M,
OM; = —(1/2)a(0/H) — (Oia)H + B'VIM; + aKM; + (V,;5) M’
= —(1/2(ViH) = (Via)H + B'VIM; + aKM; + (V) M,

e Expression using H and M; (3): by using Lie derivatives along an,
%Q::\I = +2aK'H — MQQ\lH\wQA/\M.\SJ - %AQQV.\/\NN“
a%@:t.\s& = |Q\MVQA®&\\|D - A@Qvi + QNA‘.\/\F
e Expression using 7y;; and /;;

OM = Hy"™(OYmn) + Hy™" 0:(0ymn) + H3™" 0,050 o) + H™ (0K )
OM; = M (Oymn) + M7 0;(Oryimn) + M3 (0: K ) + Mai?™" 0;( 0 K ),



where

mn
mH

mmgs
mm Jimn
Hy™
i:ﬁ:
zw@. gmn
Sws.gs
N&ﬁ Jgmn

Y770 ) O vp) — 7Y™ (O™ (D) — 2K K™ 4+ 2K K™,
=2y = (3/2)77(0y™") + 4™ (07™) + ™1,

|Q\SQ\§3 + Q\@:Q\Sﬁ

YU (OK™)) = "™ (0K + (1/2) (0™ K + T"E™,

—yM K"+ (1/2)y™ K7 + (1/2) K™,

T (1/2)(07™),

Q\SQ%@@ o Q\Sz%%v

where we expressed [ = [~

L)



Original ADM | The original construction by ADM uses the pair of (h;;, 7).

g 1
L = V=gR=VhN["R - K*+ K;K"], where K;; = - £.h
then 7 = ®|h = /\MQAS - Nb@.v“
O,

The Hamiltonian density gives us constraints and evolution egs.
H = why— L =Vh{NH(h,7) — 2N;M(h,7) + 2D;(h""*N;z")}

oH N 1
QWDS. = %ﬁ.& = Mﬁ?ﬁg — Mb@.ﬁ.v + Mbmf\/\bv
ij — " — _\/AN B)pij _ ~(3) B A XY - mn 2\ 9" (pin 3w - ij
Oy 5hi VAN (¥R 5 R v._.w/\m (Tn T 5T ) /\m? m 5T )
+VhD'DIN — hiD™D,,N) + vVhD,,(h"Y2N"x'i) — 2x™ D, NJ)

Standard ADM (by York) | NRists refer ADM as the one by York with a pair of (h;;, K;).

@lwi. - |M>\NWS + buzs + NU@.\/O.“
0;Kij = N( PR+ KK;j) —2NKyK'; — D;D;N + (D;N™) Ky + (D;N™)K,; + N™ Dy, K

In the process of converting, H was used, i.e. the standard ADM has already adjusted.




3 Constraint propagation of ADM systems

3.1 Original ADM vs Standard ADM
0 the standard ADM

Try the adjustment R;; = kjay;; and other multiplier zero, where k1 = —1/4 the original ADM

e The constraint propagation eqs keep the first-order form (cf Frittelli, PRD55(97)5992):

@A\m.v - ALHE@&& Rl — iR |mmwavgﬂ>ﬁv. (5)

]

The eigenvalues of the characteristic matrix:
A= (8,8, 8"+ a2y ll(1 + 4k1))
symmetric hyperbolic when k; = 3/2

The hyperbolicity of (5): { strongly hyperbolic ~ when a>y"(1 + 4k;) > 0

weakly hyperbolic when o?4"(1 4+ 4k1) > 0

e On the Minkowskii background metric, the linear order terms of the Fourier-transformed
constraint propagation equations gives the eigenvalues
AL = (0,0, k(1 + 45y)).

That is (two Os, two pure imaginary) for the standard ADM
| (four 0s) for the original ADM

BETTER STABILITY



3.2 Detweiler’s system

3.2.1 Detweiler’s system and its constraint amplification

Detweiler's modification to ADM [PRD35(87)1095] can be realized in our notation as:

m.
k
b

%S

Ithﬁ.b

La*(Kij — (1/3)K7i),

h@ﬁw@go&v&w — AQQVQQQE“

h@iw%m&.v — (1/3)3:9™), and else zero, where L is a constant.

e This adjustment does not make constraint propagation equation in the first order form, so

that we can not discuss the hyperbolicity nor the characteristic speed of the constraints.

e For the Minkowskii background spacetime, the adjusted constraint propagation equations

with above choice of multiplier become

O\VH = —2(0/IM;) + 4L(9,;0{"H),

M = —(1/2)(8{H) + (L/2)(8:0 "M, + (L/6)(8:0,M,,).

The eigenvalues of their Fourier expression are

A = (—(L/2)k*(multiplicity 2), —(TL/3)k* £ (1/3)\/k2(=9 + 25L2k2).)

This indicates negative real eigenvalues if we chose small positive L.



3.2.2 Numerical demonstration

Simplified Detweiler's adjustments

Detweiler's adjustments on Minkowskii spacetime

on Minkowskii spacetime
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Figure 1: We confirmed numerically, using Minkowskii perturbation, that Detweiler’s system presents better accuracy than the
standard ADM, but only form small positive L.



3.2.3 Differences with Detweiler’s requirement

Detweiler calculated the L2 norm of the constraints, C.,, over the 3-hypersurface and imposed its
negative definiteness of its evolution,

Detweiler’s criteria < @\MUQM dV <0,

This is rewritten by supposing the constraint propagation to be 0,0, = k@@@@ in the Fourier
components,

& Q\MUQQ@Q dV = \M&gm@mm‘g + Q@m@m@m dV < 0, V non zero Q@

& eigenvalues of (A + A') are all negative for V.

On the other hand, our criteria is that the eigenvalues of A are all negative. Therefore,

Our criteria © Detweiler's criteria

We remark that Detweiler's truncations on higher order terms in C-norm corresponds our
perturbative analysis, both based on the idea that the deviations from constraint surface (the
errors expressed non-zero constraint value) are initially small.



4 Constraint propagations in spherically symmetric spacetime

4.1 The procedure

The discussion becomes clear if we expand the constraint C,, := (H, M;)" using vector harmonics.
C =3 (A"(t,r)aim(8, ) + B by + C"" i + D" di ) (1)
[,m

where we choose the basis of the vector harmonics as

Yin 0 0 0

Q& — O @N — 53@ ON — Q\. O &N _ \\. O
" 0 o 0 P NQ + C %mM\MS P NQ + C |mwwm®€5§
O O @ﬁxs mwﬁ % @%M\NS

The basis are normalized so that they satisfy
(Cn Gy = [ dep [T CEC, 1" sin 06,
where 1" is Minkowskii metric and the asterisk denotes the complex conjugate. Therefore

Alm = AQMS C,), O9AM™= A@Mw@f@ﬁvv“ etc.

V)

We also express these evolution equations using the Fourier expansion on the radial coordinate,

Al = M% \»Mﬁ (t)e™ etc. (2)
So that we will be able to obtain the RHS of the evolution equations for A\xm@v (t),- -, Umﬁgvﬂ

in a homogeneous form.



4.2 Constraint propagations in Schwarzschild spacetime

1.

the standard Schwarzschild coordinate

oM dr?
ds? = —(1— "y Y

. 1= 2M)r + r2dS), (the standard expression)

. the isotropic coordinate, which is given by, r = (1 + M /2r;.,)*7is0:

M
Ydt* 4+ (1 + —)Y[dr7,, + 1, d9Q%, (the isotropic expression)

150
wﬁ.mo

. the ingoing Eddington-Finkelstein (iEF) coordinate, by t;pp =t + 2M log(r — 2M ) :

2M AM 2M
ds®* = —(1 — = )dt:pp + —dtippdr + (1 + ——=)dr* + r*dQ)? (the iEF expression)
r r r

. the Painlevé-Gullstrand (PG) coordinates,

2M 2M
ds® = — ? — |v At + 2, ——dtpg dr + dr* + r*dQ* (the PG expression)
r r

which is given by tpg =t + V8Mr — 2M log{ (\/r/2M + 1)/(r/2M — 1)}



Example 1: standard ADM vs original ADM (in Schwarzschild coordinate)
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Figure 1: Amplification factors (AFs, eigenvalues of homogenized constraint propagation equations) are shown for the standard
Schwarzschild coordinate, with (a) no adjustments, i.e., standard ADM, (b) original ADM (kp = —1/4). The solid lines and
the dotted lines with circles are real parts and imaginary parts, respectively. They are four lines each, but actually the two
eigenvalues are zero for all cases. Plotting range is 2 < r < 20 using Schwarzschild radial coordinate. We set £k = 1,1 = 2, and
m = 2 throughout the article.

Oyiy = —20kK;;+ VB + V;0,
@Nﬂ@. = Qmmwv +aKK;j — MQN&%N\@ — V,;V,a+ AQSQJN\& + Aqbﬁwvw\ﬁ + quxawﬂﬁ + krayiiH,



Example 2: Detweiler-type adjusted (in Schwarzschild coord.)
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Figure 2: Amplification factors of the standard Schwarzschild coordinate, with Detweiler type adjustments. Multipliers used in
the plot are (b) k;, = +1/2, and (c) kK, = —1/2.

Oyyi; = (original terms) + P ’H.,
0, K;; = (original terms) + R;;H + m\&.a\iw -+ mﬁiﬂiﬁ?
where Pj; = IthwﬁS R;j = Rh@%@ﬂ@. - ﬁ\wvmm\«@.vn
mws - mho&wE@@Qv&v - @Qj&iif mi&. = thwEm&.v - C\wvﬁiﬁv



Example 3: standard ADM (in isotropic/iEF coord.)
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Figure 3: Comparison of amplification factors between different coordinate expressions for the standard ADM formulation (i.e.
no adjustments). Fig. (a) is for the isotropic coordinate

coordinate (1) and we plot lines on the ¢t = 0 slice for each expression. The solid four lines and the dotted four lines with circles
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Example 4: Detweiler-type adjusted (in iEF /PG coord.)
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Figure 4: Similar comparison for Detweiler adjustments. xk;, = +1/2 for all plots.



No. | No. in | adjustment 1st? Sch/iso coords. iEF /PG coords.
Table.?? TRS i real. i imag. real. i imag.
0 0 - no adjustments yes — - - — —
P-1 2-P P;; —K thQ&. no no makes 2 Neg. not apparent makes 2 Neg. not apparent
P-2 3 P —KLO%Y4j no no makes 2 Neg. not apparent makes 2 Neg. not apparent
P-3 - P P, =—kor P, = —ka no no slightly enl.Neg. | not apparent slightly enl.Neg. not apparent
P-4 - P —KYij no no makes 2 Neg. not apparent makes 2 Neg. not apparent
P-5 - P —KYpr no no | red. Pos./enl.Neg. | not apparent | red.Pos./enl.Neg. | not apparent
Q-1 - Q% kaBFy; no no N/A N/A % ~ 1.35 min. vals. | not apparent
Q-2 - @w& Q" = no yes red. abs vals. not apparent red. abs vals. not apparent
Q-3 - @w&. Q"ij = ki or Qi = Kovysj no yes red. abs vals. not apparent enl.Neg. enl. vals.
Q-4 - @w&. Q" rr = KEYrr no yes red. abs vals. not apparent red. abs vals. not apparent
R-1 1 Ri;  kpavyij yes || yes kp = —1/4 min. abs vals. kp = —1/4 min. vals.
R-2 4 R;j R, = —kyaor Ry = —ky, yes no not apparent not apparent | red.Pos./enl.Neg. enl. vals.
R-3 - R;j Ry = —kvypr yes no enl. vals. not apparent | red.Pos./enl.Neg. enl. vals.
S-1 2-S Sk kpa? B@Q&&w — (Oa)yi Y™ | yes no not apparent not apparent not apparent not apparent
S-2 - m_w& rary® (Orvij) yes no makes 2 Neg. not apparent makes 2 Neg. not apparent
p-1 - @w@. p'ij = —Kavy;; no no red. Pos. red. vals. red. Pos. enl. vals.
p-2 - ﬁ»@. P’ = KQ no no red. Pos. red. vals. red.Pos/enl.Neg. enl. vals.
p-3 - %w& P = KQYpp no no makes 2 Neg. enl. vals. red. Pos. vals. red. vals.
q-1 - QE& q"ij = Kayij no no | k= 1/2 min. vals. red. vals. not apparent enl. vals.
q-2 - @E& Q" = —RQYpr no yes red. abs vals. not apparent not apparent not apparent
r-1 - iﬂ& T’ = Karyg; no yes not apparent not apparent not apparent enl. vals.
r-2 - iﬂ& e = —RQ no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
r-3 - iﬂ& e = —RKQYpp no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
s-1 2-s sMii kpa® Em&.v — (1/3)7i;7™] no no makes 4 Neg. not apparent makes 4 Neg. not apparent
s-2 - .wis. s = —Kayij no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.
s-3 - mi@. ST = —RQYpr no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.

Table 1: List of adjustments we tested in the Schwarzschild spacetime. The column of adjustments are nonzero multipliers. The
effects to amplification factors (when x > 0) are commented for each coordinate system and for real/imaginary parts of AFs,
respectively. The ‘N/A’ means that there is no effect due to the coordinate properties; ‘not apparent’ means the adjustment does
not change the AFs effectively according to our conjecture; ‘enl./red./min.” means enlarge/reduce/minimize, and ‘Pos./Neg.’
means positive/negative, respectively. These judgements are made at the r ~ O(10M) region on their ¢t = 0 slice.



Example 5:

On Maximally-sliced hypersurfaces (standard ADM in Sch. coord.)

maximally sliced evolution, standard ADM

—- - -

—
arWNRFO

—

cococooo

max[ abs(imaginary part of AF)]

(al)
maximally sliced evolution, standard ADM
1.4 T T
=0.0
1.2 t=1.0
t=0 ~1=2.0
—~ - 1=3.0
% L t=4.0
“— t=5.0
o
= 0.8
I}
o
% 0.6
x
©
e 0.4
0.2
0 ! |
0 2 4 6

Figure 5: Amplification factors of snapshots of maximally-sliced evolving Schwarzschild spacetime. Fig (al) and (a2) are of the
standard ADM formulation (real and imaginary parts, respectively), Lines in (al) are the largest (positive) AF on each time
slice, while lines in (a2) are the maximum imaginary part of AF on each time slice. The lines start at r,,;, = 2 (¢ = 0) and

Poin = 1.55 (£ = 5).




“Einstein equations” are time-reversal invariant. So .

Why all negative amplification factors (AFs) are available?

Explanation by the time-reversal invariance (TRI)

e the adjustment of the system I,

adjust term to /@NN& = kv
) O (+) () ()
preserves TRI. ... so the AFs remain zero (unchange).
e the adjustment by (a part of) Detweiler
adjust term to /@m\\%& L o~y H
| EﬂE
violates TRI. ... so the AFs can become negative.
Therefore

We can break the time-reversal invariant feature of the “ADM equations”




Advantages of modified ADM formulation

constraint propagation analysis of Baumgarte-Shapiro Shibata-Nakamura
system

Hisa-aki Shinkai
Computational Sci. Div., RIKEN (The Institute of Physical and Chemical Research), Japan
shinkai@atlas.riken.go.jp

work with  Gen Yoneda
Math. Sci. Dept., Waseda Univ., Japan yoneda@mn.waseda.ac.jp

OUTLINE

Why Kyoto-type ADM works for long-term stable simulations?

Much better formulations?
Refs:
G Yoneda and HS, Phys Rev D 63 (2001) 120419
HS and G Yoneda, Class. Quant. Grav. 19 (2002) 1027
G Yoneda and HS, gr-qc/0204002




1 Introduction

e T. Nakamura, K. Oohara and Y. Kojima, Prog. Theor. Phys. Suppl. 90, 1 (1987).

e T. Nakamura and K. Oohara, in Frontiers in Numerical Relativity edited by C.R. Evans, L.S.
Finn, and D.W. Hobill (Cambridge Univ. Press, Cambridge, England, 1989).

e M. Shibata and T. Nakamura, Phys. Rev. D 52, 5428 (1995).
e T.W. Baumgarte and S.L. Shapiro, Phys. Rev. D 59, 024007 (1999).



2 BSSN equations and their constraint propagation equations

2.1 BSSN equations

The standard ADM formulation,

%Mf%@ = |MQNA‘S. + @@Qu + @u.@?
0/ Kij = aR"™ +aKK;; — 20Ky K"; — D;D;a + (D;8") Ky + (D; 3" Ky + B"Dy K
i\wbi _ m\:ui 4+ NA‘M . NA‘SNWS“
MMM — DK — DK,
The widely used BSSN notation is to introduce the variables (¢, @ﬁwmms?v

p = (1/12)log(dety;;),

Yij = mmwss%

K = 77Ky,

Ay = e (Ky — (1/3)7,K),
[ = 14"




e The new variable ["* was introduced in order to calculate Ricci curvature more accurately.

mmui = w»ﬁw — @_Ew. + ﬁwﬁm\. - i&.ﬁmv (6)
RESSN = R, + RY, (7)
R = —2DiDjp — 23;D" Drp + A(Dig) (D) — 43;(D" ) (Drp),
Rij = —(1/27"%0:0:%i; + @0y + T + 27 UL jygom + 3Tl L,
where D, is covariant derivative associated with 7vij. These are weakly equivalent.
e the BSSN requires to impose the conformal factor as
\zV\A”H Q@d\w\ﬁv = Hv A%v
e Replacements of terms in the evolution equations using the constraints.
¢ = —(1/6)aK + (1/6)3'(9:p) + (9:3"). (9)
073 = Iwo&.}u + w&iz@m& +71(0:8") — Am.\wvwsm@s@& + 8% (0k7i5), (10)
OfK = —D'Dja+ aA;;AY + (1/3)aK* + 3(0:K), (11)
@W\MQ = |®|%€AU&U§.QVSW + mlﬁsQAmmmmZv%ﬁ + QNW\MS. — MQ\M%\M\&.
+(8:8") Ay + A@Qz&mzﬁ — (2/3)(0x ") Ayj + Q\w@ﬂms_vv (12)
0T = —2(9;0) A7 +2a(T AY — (2/3)37(9,K) + 6AY(9;9)) — 9;(8"(7")
~7(OB") — A (OuB) + (2/3)77 (08")). (13)




Constraints in BSSN system
The normal Hamiltonian and momentum constraints

im.@m.\/\ _ Nwmmsm@/\l_lxw |NA1§Nm<Su AHRC
.\/Ammmz _ .\/\Nbbi va
Additionally, we regard the following three as the constraints:
G = I'"—%"'T", (16)
A = AAY, (17)
S = ~v—1, (18)
Adjustments in evolution equations
0fp = O+ (1/6)aA —(1/12)771(9;S)7, (19)
% QS @W@S o AM\wVQQS.\A + AH\szIHAQ\&%VQ\AQ\SU Awov
OPK = 02K — (2/3)aKA — aH""™ +ae ¥(D,G)), (21)
0f Aij = 0] Aij + ((1/3)a3 K — (2/3)adij) A + ((1/2)ae ¥(9:7;,) — (1/6)ae 75,7 H(9:8)G"
Fae”¥3,4(0)G") — (1/3)ae™3;,(0G") (22)
OPT' = /T — ((2/3)(@,0)7 + (2/3@77) + (1/3)a77'5(8;5) — 407 (By0)) A — (2/3)a7 (0,4
$205TM; — (1/2)(B8)37 1 (0;8) + (1/6)(0;85)797 1 (BiS) + (1/3) (@537 (9S)
+(5/6)8"37237(8,5)(9;S) + (1/2)8*5H(r7")(9;S) + (1/3)8*5H9;7") (8,S)- (23)




A Full set of BSSN constraint propagation eqs.

HBS Ap A A Ay As HB5
M, —(1/3)(Bia) + (1/6)8; oK Asy; 0 Ass M,
G | = 0 ay? 0 Asy Ass G’
S 0 0 0 pBYaS)  —2a7 S
A 0 0 0 0 aK + 3%0, A

+(2/3)aK + (2/3)aA + 50y
—de (D) ¥ — 2674 (D)7
—2ae % A* 0, — ae™ (0, An) ! — e (0;a
H(1/6)e74371(8,8)(06S) — (2/3)e (O
20e 3% (9,0) Ak + (1/2)ae 771 (OLA)7 »QA + (1/2)e 371 (9,0)7* A0y, + (1/2)e~ %57 ™5 0,,,0,0),
—(5/4)e~ 32 3m3(0,8) 0,0k + €71 3™(0,,7F) 010k + (1/2)e 277 3(9;0,77%) O,
+(3/4)e 765 (0:8)(9;8)0k — (3/4)e A5 (0,777)(9;8) 0k + (1/3)e™ 77157 (9;8°) 0,01
—(5/12)e 5 725M(04,8)(0:8)0; + (1/3)e™ 571 (0x77)(9;8)0; — (1/6)e LSL%@&B&;@S
(4/9)aK A — (8/9)ak? + (4/3)ae™"%(0i0;0)7" + (8/3)ae™ (Opp) (DF") + ae™(9;77") 0y
+8ae™ 3% (0,0)0), + ae**37%0,0), + 8¢ (1) (Orp) A + e (0,0) (kF*) + 2¢7*2 (1) 7 O
+e 7% (9,0, )
ae” 3 (00) (0Fmi) — (1/2)ae™ T3 (03mi)
+(1/2)ae™ 5™ (040;7ma) + (1/2)ae™572(8:8)(0;S) — (1/4)ae™(0:3) (0;7") + ae™ 5™ (Op) 3iOm
+ae™(09;0)0; — (1/2)ae T 0AM 3,0, + ae™ 3™ 510, + (1/2)ae™%3%5,,0,0,
+(1/2)e™ 3™ (05%im) (Okar) + (1/2)e™*(9;0)0; + (1/2)e 3™ 35(0rr) O
— A% (0p) + (1/9)(0i0) K + (4/9) (0 K) + (1/9)aKd; — aA¥,0,
—(1/2)8*3"37(018)h — (1/2)(0B")7" 77 0 + (1/3)(08)7™ 5 0 — (1/2)B'3"™ (0Fmn) 7™ 7" Ok
+(1/2)8*5"5 1 0,0k
—(0,)7™ + 407" (Op) — a7,

A — e 370,0; — (1/2)e”**3"571(0;8)0%
)0;



3 Constraint propagation analysis in flat spacetime

3.1 BSSN constraint propagation equations

e The set of the constraint propagation equations, 9;(H?%*Y, M;,G', A, S)T ?

e For the flat background metric g, = 7),,,, the first order perturbation equations of (19)-(23):

oMy = —(1/6)VK + (1/6)rMA
o Ry = |&:za — (2/3)r56; 1A
VK = —(9;0{') + k1017 — Kk VRPN
oA, - Eﬁmmmmz TE D, D;a)TF + kania(0516F) — (1/3)r.126,(0GH)
O = —(4/3)(01VK) — (2/3)rp, (01 A) +M§A v\,\:
We express the adjustements as
Kadj ‘= (Kg, K3, KK1, KK2, KAL, KA2, Ky, Kig)-

e Constraint propagation equations at the first order in the flat spacetime:

OMHPHN = (ks — (2/3)kp, — (4/3)ky + 2) 0,0/ A + 2(kp, — 1)(0M;),
M, = (—(2/3)kx1 + (1/2)ka1 — (1/3)k a2 + (1/2)) 9,016
+(1/2)k110;01°G" + ((2/3)kxc2 — (1/2)) OIHPSN,
oM'G" = MREE\/\?. +(—(2/3)kpy — ﬁ\wvgxgﬁgvv
oS = —2r:VA,
@GS — Ca% I\imx@ﬁﬁﬁ



Effect of adjustments

No. Constraints (number of components) Amplification Factors (AFs)
in text. H(1) M;(3) G @3) A1) S(1) |in Minkowskii background
0. standard ADM use use - - - (0,0,%, <)

1. BSSN no adjustment | use use use use use (0,0,0,0,0,0,0,%, )

2. the BSSN use+adj uset+adj usetadj uset+adj use+adj| (0,0,0,3,3, 3,83, Q)

3. no S adjustment use+adj use+adj usetadj use+ad]j use no difference in flat background
4. no A adjustment use+adj usetadj use+ad] use usetadj | (0,0,0,9,3,3, 9, S, Q)

5. no G' adjustment use+adj use+adj use usetadj use+adj | (0,0,0,0, o o o )

6. no M; adjustment use-+ad] use  usetadj usetadj use+adj | (0,0,0,0,0,0,0, % R)

7. no H adjustment use usetadj usetadj usetadj use+adj| (0,0,0,,3,3,3, S, S5, D)

8. ignore G', A, S use+adj use+ad] - - - (0,0,0,0)

9. ignore G, A uset+adj usetadj usetadj - - 0,3,9,%,%,9, Q)

10. ignore G use+adj use+ad] - use+adj use+adj || (0,0,0,0,0,0)

11. ignore A uset+adj uset+adj use+tadj - usetadj | (0,0,95,3, 3,9, S, Q)

12. ignore S uset+adj use+adj usetadj use+adj - 0,0,%,9, 9,3, 3, 9)




4 Proposals of Improved BSSIN systems
(A) A system which has 8 pure imaginary AFs:
— One direction is to seek a possibility to reduce zero AFs than the standard BSSN case (No.2

in the previous section). Using the same set of adjustments in (24)-(28), AFs are written in
general

AFs = (0, H/\Iwwx&%@ (2 pairs), complicated expression, +complicated expression).

The terms in the first line certainly give four pure imaginary AFs (two positive and negative
real pairs) if Ka1kp, > 0(<0).
— Keeping this in our mind, by choosing r,4 = (1,1,1,1,1,k,1,1), we find

AFs = (0, 4V k2 (2 pairs), £y —k2(2 + 5 + | — 4]) /6, £\/—k2(2 + k — | — 4])/6,).
— Therefore the adjustment kg = (1,1,1,1,1,4,1,1) gives
AF's = (0, £V —k? (4 pairs)),

which is one step advanced to the standard ADM according our guidelines.

— We note that such a system can be obtained in many ways, e.g. k. = (0,0,1,0,2,1,0,1/2)
also gives four pairs of pure imaginary AFs.



(B) A system which has negative real AF:

— One criterion to obtain a decaying constraint mode (i.e. an asymptotically constrained system)
is to adjust an evolution equation as it breaks time reversal symmetry.

— For example, we consider an additional adjustment to the BSSN equation as

Oy = 0P Ay + rspayiH">,
which is a similar adjustment of simplified Detweiler-type.
— The first order constraint propagation equations on the flat background spacetime become
@wﬁfmmmz _ @u@mﬁv\— L Aw\wv\&mﬁumwmwﬁfmmmzu
M, = (1/6)0/"HP5N + (1/2)9;,0G",

oG = —0MA + (1/2)kspdIHESSN L oAUAg,.

oMA = IA@.@A:QVEH + Aﬁvmm.mmzv%ﬁ

@%C»w = |wﬁ§+ w\ambﬁfmmmzv

where we wrote only additional terms to (30)-(34).

— The amplification factors become
AF = (0(x2), £V —k%(3 pairs), (3/2)k*ksp),

which the last one become negative real if kgp < 0.



(C) Combination of above (A) and (B)

— Naturally we next consider both two adjustments:

Oy = 0% + kspadi/HP>N

0 Aij = 0 Aij — rsae” ¥3,00G"
where the second one produces the 8 pure imaginary AFs.
— The additional terms in the constraint propagation equations (30)-(34) are
@%Cx&mmmz _ @m@wﬁg . Aw\MVRMUQQ.QQSfmmmZV
oM, = (1/6)0{ PN +(1/2)9;0{'G" — k00,1 G,

G = —oMA + (1/2)kspdTHPISN 4+ AU\,
@%C\w = |w3m®wﬁ@w.
S = —2UA + 3rgp IHESSN,

— We then obtain

AFs = (0, 4V k2 (3 pairs), (3/4)k>*ksp + k2(—rs + (9/16)k2ksp))

which reproduce (A) if ksp = 0,ks = 1, and (B) if kg = 0. These AFs can become (0, pure
imaginary (3 pairs), complex number with negative real part (1 pair)), with an appropriate
combination of kg and Kgp.



5 Proposals of Improved BSSN systems (NEW!!)

5.1 TRS breaking adjustments

In order to break time reversal symmetry (TRS) of the evolution egs, to adjust J;¢, %3&.9? using
S,G’, or to adjust O, K, @t»ﬁ using A.

oo = @mm% + Rﬁigimm + RQQQU\AQ\& + R@MHQ% + \AameU\U .S

i = @mmqs + m)icizimm + fﬁo&sbwmw + K5g20Y(i D Q\ﬂ + ky5100%5S + E%QU b .S
WK = OP K + ke (DjMy) + ke oA+ zw&s@bbb\k

%TMVS. = @%m\»@. + \Am\SMQ\z«SAUw.\/\;v + \axCSmQAUQ.\Sbv + IbLHQ\w\Q.\Mﬁ + ﬁh\»w@@&wu.\zﬁ
@ng. = @mm? + zwiQU&imm + mwSQQ + RWQMQU&@NQ& + xwmwQU@.UwQ + xwmQU@.imm

or in the flat background

P =tk HPS + kg0 GF + ks MS + k500,018

OAPME, - = ka0 HEY + k56165008 + (1/2)k562(01G + 011G + 15510, 1S + 15.500,0{1S
OMPVK = im0 M 4 kg WA + kg 1,0;0 VA
0P VA; = 480l My + (1/2)k apia(0:M + OjMG) + 1y 1,65 A+ k4 1,0,0;A

Of P = 4k OHPS + 56 MG + k00,01 G + K g,0:011 G + ki gONS



5.2 AFs with each adjustment

adjustment | AFs expectations

KoM (0,0, £v/—k2(x3), 8k k?) k < 0 makes 1 Neg.

Ko (long expressions) k < 0 makes 2 Neg. 1 Pos.

K¢S1 (0,0,0, v —k2(%3)) no effects?

K$S2 (0,0,0, v/ —k2(%3)) no effects?

Kan (0,0, u_uz\l‘\aw?ka /2)kapk?) k < 0 makes 1 Neg.

K5G1 (long expressions) k > 0 makes 1 Neg.

K4G2 (long expressions) % < 0 makes 6 Neg. 1 Pos. [GOOD!]
K581 (long expressions) k < 0 makes 2 Neg. 1 Pos.

K482 (long expressions) k> 0 makes 2 Neg. 1 Pos.

KEM (0,0,0, £v/—k%(x2), (1/3)kxpk?® £ (1/3)/k2(=9 + k%K% () & < 0 makes 2 Neg.

Ky I (0,0,0, v —k2(%3)) no effects?

K o (0,0,0, v/ —k2(%3)) no effects?

K AM1 (0,0, n_uz\l‘\aw?wv —KAmik?) k > 0 makes 1 Neg.

KAM?2 (long expressions) k > 0 makes 7 Neg | Excellent!!

K4l (0,0, £V —K2(x2), 3k 4 1) k < 0 makes 1 Neg.

K 4o (0,0, £v/—k2(%2), Ixxiw\%v k > 0 makes 1 Neg.

Ky (0,0, £V —k2(x2), —£ 4 1,k?) k > 0 makes 1 Neg.

Kig1 (long expressions) k < 0 makes 6 Neg. 1 Pos. E
Kfga (long expressions) x> 0 makes 6 Neg. 1 Pos. E
Kfgs (long expressions) k > 0 makes 2 Neg. 1 Pos.

Kig (long expressions) no effects? (all zeros?)




(D) A system which has 7 negative AFs: (NEW!)

O A;; = OPPN A+ fim%b@ibv

Kame > 0, asymptotically constrained system.

(35)



Summary

Towards a stable and accurate formulation for numerical relativity

e Several reports say numerical stabilities depend on the formulations to apply,
although they are mathematically equivalent.

e status = chaotic, many trials and errors

We tried to understand the background systematically.

e Our proposal = “Evaluate eigenvalues of constraint propagation eqns”

We give satisfactory conditions for stable evolutions.
Fourier transformation allows to discuss lower-order terms.

e Our Observation = “Stability will change by adding constraints in RHS”
We named “Adjusted System”.
Numerically confirmed in Maxwell system and Ashtekar system.

® Our Observation 2= The idea works even for the ADM formulation
We explain the effective parameter range of Detweiler’s system (1987).
We proposed variety of adjustments.

® Our Observation 3= The idea works also for the BSSN formulation
We explain why adjusting momentum constraints improves the stability.

We proposed variety of adjustments.



Plans during this workshop

e Numerical tests of Adjusted ADM systems (myself)

— models

* linear wave, Brill wave evolution

* Schwarzschild BH (if possible)
— code thorn ADMadjusted which is a subset of StandardEinstein/ADM

— status
still coding 1D-code, not yet completed
began coding thorn, not yet completed

e Numerical tests of Adjusted BSSN systems (volunteers?)

— models
* linear wave, Brill wave evolution

— status: announcing
Masaru Shibata tried system (B) for linear wave, and confirmed our prediction. But he seems

not to try further





