
S
y
ste

m
a
tic

U
n
d
e
rsta

n
d
in

g
o
f
A

sy
m

p
to

tica
l
S
ta

b
ility

—
-
v
ia

C
o
n
stra

in
t

P
ro

p
a
g
a
tio

n
A

n
a
ly

sis
—

-

H
isa

-a
k
i
S
h
in

k
a
i

C
om

putational
S
ci.

D
iv.,

R
IK

E
N

(T
he

Institute
of

P
hysical

and
C
hem

ical
R
esearch),

Japan

shinkai@
atlas.riken.go.jp

w
ork

w
ith

G
e
n

Y
o
n
e
d
a

M
ath.

S
ci.

D
ept.,

W
aseda

U
niv.,

Japan
yoneda@

m
se.w

aseda.ac.jp

O
U

T
L
IN

E

P
rop

osals:
A
djusted

S
ystem

s
based

on
A
D

M
/B

S
S
N

A
nalytic

S
upp

ort:
C
onstraint

P
ropagation

eqs.

M
uch

b
etter

stability
w

ith
less

eff
orts?

R
efs:

A
shtekar

variables
P
R
L

8
2

(1999)
263,

P
R
D

6
0

(1999)
101502,

IJM
P
D

9
(2000)

13,

C
Q

G
1
7

(2000)
4799,

C
Q

G
1
8

(2001)
441

A
D

M
variables

P
R
D

6
3

(2001)
120419,

C
Q

G
1
9

(2002)
1027

B
S
S
N

variables
gr-qc/0204002

W
orkshop

on
F
orm

ulations
of

E
instein’s

equations
for

N
um

erical
R
elativity

@
M

exico,
M

ay
2002



C
ontents:

1.
B
ackground

of
the

problem

•
A
D

M

•
B
S
S
N

•
H

yp
erb

olic
form

ulations

•
A
sym

ptotically
constrained

system
s

2.
Idea

of
“A

djusted
system

s”
and

our
conjecture

3.
A
djusted

A
D

M
system

s

•
constraint

propagation
analysis

•
prop

osals
of

adjustm
ents

in
S
chw

arzschild
space-tim

e

4.
A
djusted

B
S
S
N

system
s

•
constraint

propagation
analysis

•
prop

osals
of

adjustm
ents

in
flat

background

5.
P
lans

during
this

w
orkshop



1
B

a
ck

g
ro

u
n
d

o
f
th

e
p
ro

b
le

m

N
um

erical
R
elativity

–
N

ecessary
for

unveiling
the

nature
of

strong
gravity

–
G

ravitational
W

ave
from

colliding
B
lack

H
oles,

N
eutron

S
tars,

S
up

ernovae,
...

–
R
elativistic

P
henom

ena
like

C
osm

ology,
A
ctive

G
alactic

N
uclei,

...

–
M

athem
atical

feedbacks
to

S
ingularity,

E
xact

S
olutions,

C
haotic

b
ehavior,

...

–
L
abratory

of
G

ravitational
theories,

H
igher

dim
ensional

m
odels,

...

B
est

E
instein

form
ulation

for
long-term

stable
and

accurate
sim

ulation?
M

any
(too

m
any)

trials
and

errors,
not

yet
a

system
atical

understanding

strategy
0:

A
rnow

itt-D
eser-M

isner
form

ulation

strategy
1:

S
hibata-N

akam
ura’s

(B
aum

garte-S
hapiro’s)

m
odifications

to
the

standard
A
D

M

strategy
2:

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly

strategy
3:

F
orm

ulate
a

system
w

hich
is

“asym
ptotically

constrained”
against

a
violation

of
constraints

T
he

direct
use

of
the

standard
A
D

M
equations

is
not

recom
m

ended.
B
y

adding
constraints

in
R
H

S
,
w
e

can
kill

error
grow

ing
m

odes
⇒

H
ow

can
w
e

understand
system

atically?



strategy
1

S
hibata-N

akam
ura’s

(B
aum

garte-S
hapiro’s)

m
odifications

to
the

standard
A
D

M

–
define

new
variables

(φ
,γ̃

ij ,K
,Ã

ij ,Γ̃
i),

instead
of

the
A
D

M
’s

(γ
ij ,K

ij )
w

here

γ̃
ij ≡

e −
4φγ

ij ,
Ã

ij ≡
e −

4φ(K
ij −

(1/3)γ
ij K

),
Γ̃

i≡
Γ̃

ijk γ̃
jk,

use
m

om
entum

constraint
in

Γ
i-eq.,

and
im

p
ose

d
etγ̃

ij
=

1
during

the
evolutions.

–
T

he
set

of
evolution

equations
b
ecom

e

(∂
t −

L
β )φ

=
−

(1/6)α
K

,

(∂
t −

L
β )γ̃

ij
=

−
2α

Ã
ij ,

(∂
t −

L
β )K

=
α
Ã

ij Ã
ij

+
(1/3)α

K
2−

γ
ij(∇

i ∇
j α

),

(∂
t −

L
β )Ã

ij
=

−
e −

4φ(∇
i ∇

j α
)
T

F
+

e −
4φα

R
(3)
ij

−
e −

4φα
(1/3)γ

ij R
(3)

+
α

(K
Ã

ij −
2Ã

ik Ã
k
j )

∂
t Γ̃

i
=

−
2(∂

j α
)Ã

ij−
(4/3)α

(∂
j K

)γ̃
ij

+
12α

Ã
ji(∂

j φ
)−

2α
Ã

k
j(∂

j γ̃
ik)−

2α
Γ̃

k
lj Ã

j
k γ̃

il

−
∂

j (β
k∂

k γ̃
ij−

γ̃
k
j(∂

k β
i)−

γ̃
k
i(∂

k β
j)

+
(2/3)γ̃

ij(∂
k β

k) )

R
ij

=
∂

k Γ
kij −

∂
i Γ

kk
j
+

Γ
mij Γ

km
k −

Γ
mk
j Γ

km
i
=

:
R̃

ij
+

R
φij

R
φij

=
−

2D̃
i D̃

j φ
−

2g̃
ij D̃

lD̃
l φ

+
4(D̃

i φ
)(D̃

j φ
)−

4g̃
ij (D̃

lφ
)(D̃

l φ
)

R̃
ij

=
−

(1/2)g̃
lm

∂
lm

g̃
ij

+
g̃

k
(i ∂

j) Γ̃
k

+
Γ̃

kΓ̃
(ij)k

+
2g̃

lm
Γ̃

kl(i Γ̃
j)k

m
+

g̃
lm

Γ̃
kim

Γ̃
k
lj

–
N

o
explicit

explanations
w

hy
this

form
ulation

w
orks

b
etter.

P
otsdam

group
(2000):

the
replacem

ent
by

m
om

entum
constraint

is
essential.



strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.

F
or

a
first

order
partial

diff
erential

equations
on

a
vector

u
,

∂
t 

u
1

u
2...


=


A


∂

x



u
1

u
2...


︸

︷︷
︸

characteristic
part

+
B



u
1

u
2...


︸

︷︷
︸

low
er

order
part

(1)

if
the

eigenvalues
of

A
are

w
eakly

hyp
erb

olic
all

real.

strongly
hyp

erb
olic

all
real

and
∃

a
com

plete
set

of
eigenvalues.

sym
m

etric
hyp

erb
olic

if
A

is
real

and
sym

m
etric

(H
erm

itian).

E
xp

ectations

–
W

ellp
osed

b
ehaviour

sym
m

etric
hyp

erb
olic

system
=⇒

W
E
L
L
-P

O
S
E
D

,
||u

(t)||≤
e
κ
t||u

(0)||
–

B
etter

b
oundary

treatm
ents⇐

=
∃

characteristic
field.

–
know

n
num

erical
techniques

in
N

ew
tonian

hydrodynam
ics.
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S
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N
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9
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B
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u
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g
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t
e
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S
h
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p
i
r
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B
a
u
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t
e
-
S
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p
i
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9
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N
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O
o
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N
a
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u
r
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O
o
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r
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8
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B
o
n
a
-
M
a
s
s
o

B
o
n
a
-
M
a
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s
o

9
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A
n
d
e
r
s
o
n
-
Y
o
r
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A
n
d
e
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s
o
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Y
o
r
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9
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C
h
o
q
u
e
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B
r
u
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Y
o
r
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C
h
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u
e
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B
r
u
h
a
t
-
Y
o
r
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9
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-
9
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r
i
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t
e
l
l
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R
e
u
l
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F
r
i
t
t
e
l
l
i
-
R
e
u
l
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9
6

6
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A
s
h
t
e
k
a
r

A
s
h
t
e
k
a
r

8
6

Y
o
n
e
d
a
-
S
h
i
n
k
a
i

Y
o
n
e
d
a
-
S
h
i
n
k
a
i

0
0

K
i
d
d
e
r
-
S
c
h
e
e
l

K
i
d
d
e
r
-
S
c
h
e
e
l

 
-
T
e
u
k
o
l
s
k
y

 
-
T
e
u
k
o
l
s
k
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0
1

l
a
m
b
d
a
-
s
y
s
t
e
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l
a
m
b
d
a
-
s
y
s
t
e
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9
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p
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i
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9
6

6
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A
s
h
t
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a
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A
s
h
t
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8
6

Y
o
n
e
d
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S
h
i
n
k
a
i

Y
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S
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i
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u
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l
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N
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N
C
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P
o
t
s
d
a
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P
o
t
s
d
a
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G
-
c
o
d
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G
-
c
o
d
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H
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c
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d
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H
-
c
o
d
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B
S
S
N
-
c
o
d
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B
S
S
N
-
c
o
d
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C
o
r
n
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l
l
-
I
l
l
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o
i
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C
o
r
n
e
l
l
-
I
l
l
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o
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U
W
a
s
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U
W
a
s
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H
e
r
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H
e
r
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C
a
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t
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c
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C
a
l
t
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c
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P
e
n
n
S
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t
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P
e
n
n
S
t
a
t
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l
a
m
b
d
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-
s
y
s
t
e
m

l
a
m
b
d
a
-
s
y
s
t
e
m

9
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strategy
2

A
pply

a
form

ulation
w

hich
reveals

a
hyp

erb
olicity

explicitly.
(cont.)

w
eakly

hyp
erb

olic�
strongly

hyp
erb

olic�
sym

m
etric

hyp
erb

olic
system

s,

A
re

they
actually

helpful?
W

hich
level

of
hyp

erb
olicity

is
necessary?

U
sing

A
shtekar’s

variables
b
etw

een
w
e

found
that

[H
S
-Y

oneda,
C
Q

G
17(2000)4799]

(1)
the

three
levels

of
hyp

erb
olicity

can
b
e

obtained
by

adding
constraint

term
s

and/or
im

-

p
osing

gauge
conditions

(2)
there

is
no

drastic
diff

erence
in

the
accuracy

of
num

erical
evolutions

in
these

three
levels

(com
parison

of
nonlinear

w
ave

propagation
in

a
plane

sym
m

etric
spacetim

e)

(3)
the

sym
m

etric
hyp

erb
olic

system
is

not
alw

ays
the

b
est

for
reducing

num
erical

errors

N
ote

that
IB

V
P

(Initial
B
oundary

V
alue

problem
)

requires
“sym

m
etric

hyp
erb

olicity”
to

b
e

treated
w

ith.



K
idder-S

cheel-T
eukolsky

hyp
erb

olic
form

ulation
(A

nderson-Y
ork

+
F
rittelli-R

eula)

P
hys.

R
ev.

D
.
64

(2001)
064017

•
C
onstruct

a
F
irst-order

form
using

variables
(K

ij ,g
ij ,d

k
ij )

w
here

d
k
ij ≡

∂
k g

ij

C
onstraints

are
(H

,M
i ,C

k
ij ,C

k
lij )

w
hereC

k
ij ≡

d
k
ij −

∂
k g

ij ,
and

C
k
lij ≡

∂
[k d

l]ij

•
D

ensitize
the

lapse,
Q

=
log(N

g −
σ)

•
A
djust

equations
w

ith
constraints

∂̂
0 g

ij
=

−
2N

K
ij

∂̂
0 K

ij
=

(···)
+

γ
N

g
ij H

+
ζ
N

g
a
bC

a
(ij)b

∂̂
0 d

k
ij

=
(···)

+
η
N

g
k
(i M

j)
+

χ
N

g
ij M

k

•
R
e-deining

the
variables

(P
ij ,g

ij ,M
k
ij )

P
ij

≡
K

ij
+

ẑg
ij K

,

M
k
ij

≡
(1/2)[k̂

d
k
ij

+
êd

(ij)k
+

g
ij (â

d
k

+
b̂b

k )
+

g
k
(i (ĉd

j)
+

d̂
b
j) )],

d
k

=
g

a
bd

k
a
b ,b

k
=

g
a
bd

a
bk

T
he

redefinition
param

eters

–
do

not
change

the
eigenvalues

of
evolution

eqs.

–
do

not
eff

ect
on

the
principal

part
of

the
constraint

evolution
eqs.

–
do

aff
ect

the
eigenvectors

of
evolution

system
.

–
do

aff
ect

nonlinear
term

s
of

evolution
eqs/constraint

evolution
eqs.



strategy
3

F
orm

ulate
a

system
w

hich
is

“asym
ptotically

constrained”
against

a
violation

of
constraints

“
A

sy
m

p
to

tica
lly

C
o
n
stra

in
e
d

S
y
ste

m
”
–

C
onstraint

S
urface

as
an

A
ttractor

t=
0

 

C
o

n
stra

in
e

d
  S

u
rfa

ce
(sa

tisfie
s 

 
E

in
ste

in
's 

co
n

stra
in

ts)

m
ethod

1:
λ
-system

(B
rodb

eck
et

al,
2000)

–
A
dd

aritificialforce
to

reduce
the

violation
of

con-

straints

–
T
o

b
e

guaranteed
if

w
e

apply
the

idea
to

a
sym

-

m
etric

hyp
erb

olic
system

.

m
ethod

2:
A
djusted

system
(Y

oneda
H

S
,
2000,

2001)

–
W

e
can

controlthe
violation

of
constraints

by
ad-

justing
constraints

to
E
oM

.

–
E
igenvalue

analysis
of

constraint
propagation

equations
m

ay
prodict

the
violation

of
error.

–
T

his
idea

is
applicable

even
if

the
system

is
not

sym
m

etric
hyp

erb
olic.⇒

for
the

A
D

M
form

ulation,
too!!



Idea
of

λ
-system

B
rodb

eck,
F
rittelli,

H
übner

and
R
eula,

JM
P
40(99)909

W
e

exp
ect

a
system

that
is

robust
for

controlling
the

violation
of

constraints

R
e
cip

e
1.

prepare
sym

m
etric

hyp
erb

olic
evolution

system
∂

t u
=

J
u
′+

K

2.
confirm

the
evolution

of
constraint

b
ehaves

good
∂

t C
=

D
C

′+
E

C

3.
introduce

λ
as

an
indicator

of
violating

constraint
initially

λ
=

0,
ob

ey
dissipative

eqs.
of

m
otion

∂
t λ

=
α
C
−

β
λ

(α
�=

0,β
>

0)

4.
take

a
set

of
(u

,λ
)

as
a

dynam
ical

system
∂

t 
uλ


�


A

0

F
0




uλ

 ′

5.
m

odify
evolution

equation
so

as
to

form
a

sym
m

etric
hyp

erb
olic

system
∂

t 
uλ


=


A

F̄

F
0




uλ

 ′

R
em

arks

•
B
F
H

R
used

a
sym

.
hyp.

form
ulation

by
F
rittelli-R

eula
[P

R
L
76(96)4667]

•
V
ersion

for
the

A
shtekar

form
ulation

by
H

S
-Y

oneda
[P

R
D

60(99)101502]

for
controlling

the
constraints

or
reality

conditions
or

b
oth.

•
succeeded

in
evolution

of
G

W
in

planar
spacetim

e
using

A
shtekar

vars.
[C

Q
G

18(2001)441]



Idea
of

“A
djusted

system
”

and
O

ur
C
onjecture

C
Q

G
18

(2001)
441,

P
R
D

63
(2001)

120419,
C
Q

G
19

(2002)
1027

G
eneral

P
rocedure

1.
prepare

a
set

of
evolution

eqs.
∂

t u
a

=
f
(u

a,∂
b u

a,···)

2.
add

constraints
in

R
H

S
∂

t u
a

=
f
(u

a,∂
b u

a,···)
+

F
(C

a,∂
b C

a,···)

3.
choose

appropriate
F

(C
a,∂

b C
a,···)

to
m

ake
the

system
stable

evolution

H
ow

to
sp

ecify
F

(C
a,∂

b C
a,···)

?

4.
prepare

constraint
propagation

eqs.
∂

t C
a

=
g
(C

a,∂
b C

a,···)

5.
and

its
adjusted

version
∂

t C
a

=
g
(C

a,∂
b C

a,···)
+

G
(C

a,∂
b C

a,···)

6.
F
ourier

transform
and

evaluate
eigenvalues

∂
t Ĉ

k
=

A
(Ĉ

a)
Ĉ

k

C
o
n
je

ctu
re

:
E
valuate

eigenvalues
of

(F
ourier-transform

ed)
constraint

propagation
eqs.

If
their

(1)
real

part
is

non-p
ositive,

or
(2)

im
aginary

part
is

non-zero,
then

the
system

is
m

ore
stable.



3
A

d
ju

ste
d

A
D

M
sy

ste
m

s

W
e

adjust
the

standard
A
D

M
system

using
constraints

as:

∂
t γ

ij
=

−
2α

K
ij

+
∇

i β
j
+
∇

j β
i ,

(1)

+
P

ij H
+

Q
k
ij M

k
+

p
k
ij (∇

k H
)
+

q
k
lij (∇

k M
l ),

(2)

∂
t K

ij
=

α
R

(3)
ij

+
α
K

K
ij −

2α
K

ik K
k
j −

∇
i ∇

j α
+

(∇
i β

k)K
k
j
+

(∇
j β

k)K
k
i +

β
k∇

k K
ij ,(3)

+
R

ij H
+

S
k
ij M

k
+

r
k
ij (∇

k H
)
+

s
k
lij (∇

k M
l ),

(4)

w
ith

constraint
equations

H
:=

R
(3)

+
K

2−
K

ij K
ij,

(5)

M
i

:=
∇

j K
j
i −

∇
i K

.
(6)

W
e

can
w

rite
the

adjusted
constraint

propagation
equations

as

∂
t H

=
(original

term
s)

+
H

m
n

1
[(2)]+

H
im

n
2

∂
i [(2)]+

H
ijm

n
3

∂
i ∂

j [(2)]+
H

m
n

4
[(4)],

(7)

∂
t M

i
=

(original
term

s)
+

M
1
i m

n[(2)]+
M

2
i jm

n∂
j [(2)]+

M
3
i m

n[(4)]+
M

4
i jm

n∂
j [(4)].

(8)



T
he

constraint
propagation

equations
of

the
original

A
D

M
equation:

•
E
xpression

using
H

and
M

i
(1)

∂
t H

=
β

j(∂
j H

)
+

2α
K
H

−
2α

γ
ij(∂

i M
j )

+
α

(∂
l γ

m
k )(2γ

m
lγ

k
j−

γ
m

kγ
lj)M

j −
4γ

ij(∂
j α

)M
i ,

∂
t M

i
=

−
(1/2)α

(∂
i H

)−
(∂

i α
)H

+
β

j(∂
j M

i )
+

α
K
M

i −
β

kγ
jl(∂

i γ
lk )M

j
+

(∂
i β

k )γ
k
jM

j .

•
E
xpression

using
H

and
M

i
(2)

∂
t H

=
β

l∂
l H

+
2α

K
H

−
2α

γ
−

1/2∂
l ( √

γM
l)−

4(∂
l α

)M
l

=
β

l∇
l H

+
2α

K
H

−
2α

(∇
l M

l)−
4(∇

l α
)M

l,

∂
t M

i
=

−
(1/2)α

(∂
i H

)−
(∂

i α
)H

+
β

l∇
l M

i +
α
K
M

i +
(∇

i β
l )M

l

=
−

(1/2)α
(∇

i H
)−

(∇
i α

)H
+

β
l∇

l M
i +

α
K
M

i +
(∇

i β
l )M

l,

•
E
xpression

using
H

and
M

i
(3):

by
using

L
ie

derivatives
along

α
n

µ,

£
α
n

µH
=

+
2α

K
H

−
2α

γ
−

1/2∂
l ( √

γM
l)−

4(∂
l α

)M
l,

£
α
n

µM
i

=
−

(1/2)α
(∂

i H
)−

(∂
i α

)H
+

α
K
M

i .

•
E
xpression

using
γ

ij
and

K
ij

∂
t H

=
H

m
n

1
(∂

t γ
m

n )
+

H
im

n
2

∂
i (∂

t γ
m

n )
+

H
ijm

n
3

∂
i ∂

j (∂
t γ

m
n )

+
H

m
n

4
(∂

t K
m

n ),

∂
t M

i
=

M
1
i m

n(∂
t γ

m
n )

+
M

2
i jm

n∂
j (∂

t γ
m

n )
+

M
3
i m

n(∂
t K

m
n )

+
M

4
i jm

n∂
j (∂

t K
m

n ),



w
hereH

m
n

1
:=

−
2R

(3)m
n−

Γ
pk
j Γ

kpi γ
m

iγ
n
j
+

Γ
m

Γ
n

+
γ

ijγ
n
p(∂

i γ
m

k)(∂
j γ

k
p )−

γ
m

pγ
n
i(∂

i γ
k
j)(∂

j γ
k
p )−

2K
K

m
n

+
2K

n
j K

m
j,

H
im

n
2

:=
−

2γ
m

iΓ
n−

(3/2)γ
ij(∂

j γ
m

n)
+

γ
m

j(∂
j γ

in)
+

γ
m

nΓ
i,

H
ijm

n
3

:=
−

γ
ijγ

m
n

+
γ

inγ
m

j,

H
m

n
4

:=
2(K

γ
m

n−
K

m
n),

M
1
i m

n
:=

γ
n
j(∂

i K
m

j )−
γ

m
j(∂

j K
n
i )

+
(1/2)(∂

j γ
m

n)K
j
i +

Γ
nK

m
i ,

M
2
i jm

n
:=

−
γ

m
jK

n
i +

(1/2)γ
m

nK
j
i +

(1/2)K
m

nδ
ji ,

M
3
i m

n
:=

−
δ

ni Γ
m
−

(1/2)(∂
i γ

m
n),

M
4
i jm

n
:=

γ
m

jδ
ni −

γ
m

nδ
ji ,

w
here

w
e

expressed
Γ

m
=

Γ
mij γ

ij.



O
rig

in
a
l
A

D
M

T
he

original
construction

by
A
D

M
uses

the
pair

of
(h

ij ,π
ij).

L
=

√
−

g
R

=
√

h
N

[ (3)R
−

K
2
+

K
ij K

ij],
w

here
K

ij
=

12
£

n h
ij

then
π

ij
=

∂L
∂
ḣ

ij

=
√

h
(K

ij−
K

h
ij),

T
he

H
am

iltonian
density

gives
us

constraints
and

evolution
eqs.

H
=

π
ijḣ

ij −
L

=
√

h
{N

H
(h

,π
)−

2N
j M

j(h
,π

)
+

2D
i (h

−
1/2N

j π
ij) }

,


∂
t h

ij
=

δHδπ
ij

=
2

N√
h

(π
ij −

12
h

ij π
)
+

2D
(i N

j) ,

∂
t π

ij
=

−
δHδh

ij
=

−
√

h
N

(
(3)R

ij−
12

(3)R
h

ij)
+

12

N√
h
h

ij(π
m

n π
m

n−
12
π

2)−
2

N√
h

(π
inπ

n
j−

12
π
π

ij)

+ √
h
(D

iD
jN

−
h

ijD
m
D

m
N

)
+
√

h
D

m
(h

−
1/2N

m
π

ij)−
2π

m
(iD

m
N

j)

S
ta

n
d
a
rd

A
D

M
(b

y
Y

o
rk

)
N

R
ists

refer
A
D

M
as

the
one

by
Y
ork

w
ith

a
pair

of
(h

ij ,K
ij ).


∂

t h
ij

=
−

2N
K

ij
+

D
j N

i +
D

i N
j ,

∂
t K

ij
=

N
(

(3)R
ij

+
K

K
ij )−

2N
K

il K
lj −

D
i D

j N
+

(D
j N

m
)K

m
i +

(D
i N

m
)K

m
j
+

N
m
D

m
K

ij

In
the

process
of

converting,H
w
as

used,
i.e.

the
standard

A
D

M
has

already
adjusted.



3
C

o
n
stra

in
t

p
ro

p
a
g
a
tio

n
o
f
A

D
M

sy
ste

m
s

3
.1

O
rig

in
a
l
A

D
M

v
s

S
ta

n
d
a
rd

A
D

M

T
ry

the
adjustm

ent
R

ij
=

κ
1 α

γ
ij

and
other

m
ultiplier

zero,
w

here
κ

1
=


0

the
standard

A
D

M

−
1/4

the
original

A
D

M

•
T

he
constraint

propagation
eqs

keep
the

first-order
form

(cf
F
rittelli,

P
R
D

55(97)5992):

∂
t 

HM
i 

�


β
l

−
2α

γ
jl

−
(1/2)α

δ
li
+

R
li −

δ
li R

β
lδ

ji


∂

l 
HM

j 
.

(5)

T
he

eigenvalues
of

the
characteristic

m
atrix:

λ
l

=
(β

l,β
l,β

l±
√
α

2γ
ll(1

+
4κ

1 ))

T
he

hyp
erb

olicity
of

(5):



sym
m

etric
hyp

erb
olic

w
hen

κ
1

=
3/2

strongly
hyp

erb
olic

w
hen

α
2γ

ll(1
+

4κ
1 )

>
0

w
eakly

hyp
erb

olic
w

hen
α

2γ
ll(1

+
4κ

1 )≥
0

•
O

n
the

M
inkow

skii
background

m
etric,

the
linear

order
term

s
of

the
F
ourier-transform

ed

constraint
propagation

equations
gives

the
eigenvalues

Λ
l
=

(0,0,±
√−

k
2(1

+
4κ

1 )).

T
hat

is, 
(tw

o
0s,

tw
o

pure
im

aginary)
for

the
standard

A
D

M
B
E
T

T
E
R

S
T
A
B
IL

IT
Y

(four
0s)

for
the

original
A
D

M



3
.2

D
e
tw

e
ile

r’s
sy

ste
m

3
.2

.1
D

e
tw

e
ile

r’s
sy

ste
m

a
n
d

its
co

n
stra

in
t

a
m

p
lifi

ca
tio

n

D
etw

eiler’s
m

odification
to

A
D

M
[P

R
D

35(87)1095]
can

b
e

realized
in

our
notation

as:

P
ij

=
−

L
α

3γ
ij ,

R
ij

=
L

α
3(K

ij −
(1/3)K

γ
ij ),

S
kij

=
L

α
2[3(∂

(i α
)δ

kj) −
(∂

l α
)γ

ij γ
k
l],

s
k
l

ij
=

L
α

3[2δ
k(i δ

lj) −
(1/3)γ

ij γ
k
l],

and
else

zero,
w

here
L

is
a

constant.

•
T

his
adjustm

ent
does

not
m

ake
constraint

propagation
equation

in
the

first
order

form
,

so

that
w
e

can
not

discuss
the

hyp
erb

olicity
nor

the
characteristic

sp
eed

of
the

constraints.

•
F
or

the
M

inkow
skii

background
spacetim

e,
the

adjusted
constraint

propagation
equations

w
ith

ab
ove

choice
of

m
ultiplier

b
ecom

e

∂
t (1)H

=
−

2(∂
j (1)M

j )
+

4L
(∂

j ∂
j (1)H

),

∂
t (1)M

i
=

−
(1/2)(∂

i (1)H
)
+

(L
/2)(∂

k ∂
k (1)M

i )
+

(L
/6)(∂

i ∂
k (1)M

k ).

T
he

eigenvalues
of

their
F
ourier

expression
are

Λ
l
=

(−
(L

/2)k
2(m

ultiplicity
2),−

(7L
/3)k

2±
(1/3) √

k
2(−

9
+

25L
2k

2).)

T
his

indicates
negative

real
eigenvalues

if
w
e

chose
sm

all
p
ositive

L
.



3
.2

.2
N

u
m

e
rica

l
d
e
m

o
n
stra

tio
n

-10.0

-8.0

-6.0

-4.0

-2.0

0.0

2.00.0
0.5

1.0
1.5

2.0

D
etw

eiler's ad
ju

stm
en

ts 
          on

 M
in

k
ow

sk
ii sp

acetim
e

L
=

-0.01
L

=
0.0

L
=

+
0.01

L
=

+
0.02

L
=

+
0.03

L
=

+
0.35

tim
e

Log
1 0

 (L2 norm of constraints )

L
=

0 (standard A
D

M
)

L
=

 +
 0.01

L
=

 +
 0.03

L
=

 - 0.01

L
=

 +
 0.035

-10.0

-8.0

-6.0

-4.0

-2.0

0.0

2.00.0
0.5

1.0
1.5

2.0

S
im

p
lified

 D
etw

eiler's ad
ju

stm
en

ts 
          on

 M
in

k
ow

sk
ii sp

acetim
e

L
=

-0.01
L

=
0.0

L
=

+
0.01

L
=

+
0.02

L
=

+
0.04

L
=

+
0.06

L
=

+
0.08

tim
e

Log
1 0

 (L2 norm of constraints )

L
=

 +
 0.08

L
=

 - 0.01

L
=

0 (standard A
D

M
)

L
=

 +
 0.01

L
=

 +
 0.06

F
igu

re
1:

W
e

con
fi
rm

ed
n
u
m

erically,
u
sin

g
M

in
kow

sk
ii

p
ertu

rb
ation

,
th

at
D

etw
eiler’s

sy
stem

p
resen

ts
b
etter

accu
racy

th
an

th
e

stan
d
ard

A
D

M
,
b
u
t

on
ly

form
sm

all
p
ositive

L
.



3
.2

.3
D

iff
e
re

n
ce

s
w

ith
D

e
tw

e
ile

r’s
re

q
u
ire

m
e
n
t

D
etw

eiler
calculated

the
L
2

norm
of

the
constraints,

C
α ,

over
the

3-hyp
ersurface

and
im

p
osed

its

negative
definiteness

of
its

evolution,

D
etw

eiler’s
criteria

⇔
∂

t ∫
∑α

C
2α

d
V

<
0,

T
his

is
rew

ritten
by

supp
osing

the
constraint

propagation
to

b
e

∂
t Ĉ

α
=

A
α

βĈ
β

in
the

F
ourier

com
p
onents,

⇔
∂

t ∫
∑α

Ĉ
α

¯̂C
α

d
V

=
∫

∑α
A

α
βĈ

β
¯̂C

α
+

Ĉ
α Ā

α
β

¯̂C
β
d
V

<
0,∀

non
zero

Ĉ
α

⇔
eigenvalues

of
(A

+
A

†)
are

all
negative

for∀
k
.

O
n

the
other

hand,
our

criteria
is

that
the

eigenvalues
of

A
are

all
negative .

T
herefore,

O
ur

criteria
�

D
etw

eiler’s
criteria

W
e

rem
ark

that
D

etw
eiler’s

truncations
on

higher
order

term
s

in
C

-norm
corresp

onds
our

p
erturbative

analysis,
b
oth

based
on

the
idea

that
the

deviations
from

constraint
surface

(the

errors
expressed

non-zero
constraint

value)
are

initially
sm

all.



4
C

o
n
stra

in
t

p
ro

p
a
g
a
tio

n
s

in
sp

h
e
rica

lly
sy

m
m

e
tric

sp
a
ce

tim
e

4
.1

T
h
e

p
ro

ce
d
u
re

T
he

discussion
b
ecom

es
clear

if
w
e

expand
the

constraint
C

µ
:=

(H
,M

i )
T

using
vector

harm
onics.

C
µ

=
∑l,m

(A
lm

(t,r)a
lm

(θ,ϕ
)
+

B
lm

b
lm

+
C

lm
c
lm

+
D

lm
d

lm

)
,

(1)

w
here

w
e

choose
the

basis
of

the
vector

harm
onics

as

a
lm

=



Y
lm000


,b

lm
=



0Y
lm00


,c

lm
=

r
√
l(l

+
1)



00

∂
θ Y

lm

∂
ϕ Y

lm


,d

lm
=

r
√
l(l

+
1)



00

−
1

sin
θ ∂

ϕ Y
lm

sin
θ
∂

θ Y
lm


.

T
he

basis
are

norm
alized

so
that

they
satisfy

〈C
µ ,C

ν 〉
=

∫
2π

0
d
ϕ

∫
π0

C
∗µ C

ρ
η

ν
ρ
sin

θd
θ,

w
here

η
ν
ρ

is
M

inkow
skii

m
etric

and
the

asterisk
denotes

the
com

plex
conjugate.

T
herefore

A
lm

=
〈a

lm(ν
) ,C

ν 〉,
∂

t A
lm

=
〈a

lm(ν
) ,∂

t C
ν 〉,

etc.

W
e

also
express

these
evolution

equations
using

the
F
ourier

expansion
on

the
radial

coordinate,

A
lm

=
∑k

Â
lm(k

) (t)
e
ik

r
etc.

(2)

S
o

that
w
e

w
ill

b
e

able
to

obtain
the

R
H

S
of

the
evolution

equations
for

(Â
lm(k

) (t),···,D̂
lm(k

) (t))
T

in
a

hom
ogeneous

form
.
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1.
the

standard
S
chw

arzschild
coordinate

d
s

2
=
−

(1−
2Mr

)d
t
2
+

d
r

2

1−
2M

/r
+

r
2d

Ω
2,

(the
standard

expression)

2.
the

isotropic
coordinate,

w
hich

is
given

by,
r

=
(1

+
M

/2r
iso )

2r
iso :

d
s

2
=
−

( 1−
M

/2r
iso

1
+

M
/2r

iso )
2d

t
2
+

(1
+

M2r
iso )

4[d
r

2iso
+

r
2iso d

Ω
2],

(the
isotropic

expression)

3.
the

ingoing
E
ddington-F

inkelstein
(iE

F
)

coordinate,
by

t
iE

F
=

t
+

2M
log(r−

2M
)

:

d
s

2
=
−

(1−
2Mr

)d
t
2iE

F
+

4Mr
d
t
iE

F
d
r

+
(1

+
2Mr

)d
r

2
+

r
2d

Ω
2

(the
iE

F
expression)

4.
the

P
ainlevé-G

ullstrand
(P

G
)

coordinates,

d
s

2
=
−


1−

2
Mr


d
t
2P

G
+

2 √√√√√
2
Mr

d
t
P

G
d
r

+
d
r

2
+

r
2d

Ω
2
,

(the
P
G

expression)

w
hich

is
given

by
t
P

G
=

t
+
√

8M
r−

2M
log{

( √
r/2M

+
1)/( √

r/2M
−

1)}
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A
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p
lifi

cation
factors

(A
F
s,

eigen
valu

es
of

h
om

ogen
ized

con
strain

t
p
rop

agation
eq

u
ation

s)
are

sh
ow

n
for

th
e

stan
d
ard

S
ch

w
arzsch

ild
co

ord
in

ate,
w

ith
(a)

n
o

ad
ju

stm
en

ts,
i.e.,

stan
d
ard

A
D

M
,

(b
)

origin
al

A
D

M
(κ

F
=

−
1/4).

T
h
e

solid
lin

es
an

d
th

e
d
otted

lin
es

w
ith

circles
are

real
p
arts

an
d

im
agin

ary
p
arts,

resp
ectively.

T
h
ey

are
fou

r
lin

es
each

,
b
u
t

actu
ally

th
e

tw
o

eigen
valu

es
are

zero
for

all
cases.

P
lottin

g
ran

ge
is

2
<

r
≤

20
u
sin

g
S
ch

w
arzsch

ild
rad

ial
co

ord
in

ate.
W

e
set

k
=

1,l
=

2,
an

d
m

=
2

th
rou

gh
ou

t
th

e
article.

∂
t γ

ij
=

−
2α

K
ij

+
∇

i β
j
+
∇

j β
i ,

∂
t K

ij
=

α
R

(3)
ij

+
α
K

K
ij −

2α
K

ik K
k
j −

∇
i ∇

j α
+

(∇
i β

k)K
k
j
+

(∇
j β

k)K
k
i +

β
k∇

k K
ij

+
κ

F
α
γ

ij H
,
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S
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ate,
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D

etw
eiler
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p
e

ad
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ts.
M

u
ltip

liers
u
sed

in
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e
p
lot
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(b

)
κ

L
=

+
1/2,

an
d

(c)
κ

L
=

−
1/2.

∂
t γ

ij
=

(original
term

s)
+

P
ij H

,

∂
t K

ij
=

(original
term

s)
+

R
ij H

+
S

k
ij M

k
+

s
k
lij (∇

k M
l ),

w
here

P
ij

=
−

κ
L α

3γ
ij ,

R
ij

=
κ

L α
3(K

ij −
(1/3)K

γ
ij ),

S
k
ij

=
κ

L α
2[3(∂

(i α
)δ

kj) −
(∂

l α
)γ

ij γ
k
l],

s
k
lij

=
κ

L α
3[δ

k(i δ
lj) −

(1/3)γ
ij γ

k
l],
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p
lots.



N
o.

N
o.

in
adjustm

ent
1st?

Sch/iso
coords.

iE
F
/P

G
coords.

T
able.??

T
R

S
real.

im
ag.

real.
im

ag.
0

0
–

no
adjustm

ents
yes

–
–

–
–

–
P

-1
2-P

P
ij

−
κ

L
α

3γ
ij

no
no

m
akes

2
N

eg.
not

apparent
m

akes
2

N
eg.

not
apparent

P
-2

3
P

ij
−

κ
L
α
γ

ij
no

no
m

akes
2

N
eg.

not
apparent

m
akes

2
N

eg.
not

apparent
P

-3
-

P
ij

P
r
r

=
−

κ
or

P
r
r

=
−

κ
α

no
no

slightly
enl.N

eg.
not

apparent
slightly

enl.N
eg.

not
apparent

P
-4

-
P

ij
−

κ
γ

ij
no

no
m

akes
2

N
eg.

not
apparent

m
akes

2
N

eg.
not

apparent
P

-5
-

P
ij

−
κ
γ

r
r

no
no

red.
P
os./enl.N

eg.
not

apparent
red.P

os./enl.N
eg.

not
apparent

Q
-1

-
Q

k
ij

κ
α
β

kγ
ij

no
no

N
/A

N
/A

κ
∼

1.35
m

in.
vals.

not
apparent

Q
-2

-
Q

k
ij

Q
r
r
r

=
κ

no
yes

red.
abs

vals.
not

apparent
red.

abs
vals.

not
apparent

Q
-3

-
Q

k
ij

Q
r
ij

=
κ
γ

ij
or

Q
r
ij

=
κ
α
γ

ij
no

yes
red.

abs
vals.

not
apparent

enl.N
eg.

enl.
vals.

Q
-4

-
Q

k
ij

Q
r
r
r

=
κ
γ

r
r

no
yes

red.
abs

vals.
not

apparent
red.

abs
vals.

not
apparent

R
-1

1
R

ij
κ

F
α
γ

ij
yes

yes
κ

F
=

−
1/4

m
in.

abs
vals.

κ
F

=
−

1/4
m

in.
vals.

R
-2

4
R

ij
R

r
r

=
−

κ
µ
α

or
R

r
r

=
−

κ
µ

yes
no

not
apparent

not
apparent

red.P
os./enl.N

eg.
enl.

vals.
R

-3
-

R
ij

R
r
r

=
−

κ
γ

r
r

yes
no

enl.
vals.

not
apparent

red.P
os./enl.N

eg.
enl.

vals.
S-1

2-S
S

k
ij

κ
L
α

2[3(∂
(i α

)δ
kj) −

(∂
l α

)γ
ij γ

k
l]

yes
no

not
apparent

not
apparent

not
apparent

not
apparent

S-2
-

S
k
ij

κ
α
γ

lk(∂
l γ

ij )
yes

no
m

akes
2

N
eg.

not
apparent

m
akes

2
N

eg.
not

apparent
p-1

-
p

k
ij

p
r
ij

=
−

κ
α
γ

ij
no

no
red.

P
os.

red.
vals.

red.
P
os.

enl.
vals.

p-2
-

p
k
ij

p
r
r
r

=
κ
α

no
no

red.
P
os.

red.
vals.

red.P
os/enl.N

eg.
enl.

vals.
p-3

-
p

k
ij

p
r
r
r

=
κ
α
γ

r
r

no
no

m
akes

2
N

eg.
enl.

vals.
red.

P
os.

vals.
red.

vals.
q-1

-
q
k
lij

q
r
r
ij

=
κ
α
γ

ij
no

no
κ

=
1/2

m
in.

vals.
red.

vals.
not

apparent
enl.

vals.
q-2

-
q
k
lij

q
r
r
r
r

=
−

κ
α
γ

r
r

no
yes

red.
abs

vals.
not

apparent
not

apparent
not

apparent
r-1

-
r
k
ij

r
r
ij

=
κ
α
γ

ij
no

yes
not

apparent
not

apparent
not

apparent
enl.

vals.
r-2

-
r
k
ij

r
r
r
r

=
−

κ
α

no
yes

red.
abs

vals.
enl.

vals.
red.

abs
vals.

enl.
vals.

r-3
-

r
k
ij

r
r
r
r

=
−

κ
α
γ

r
r

no
yes

red.
abs

vals.
enl.

vals.
red.

abs
vals.

enl.
vals.

s-1
2-s

s
k
lij

κ
L
α

3[δ
k(i δ

lj) −
(1/3)γ

ij γ
k
l]

no
no

m
akes

4
N

eg.
not

apparent
m

akes
4

N
eg.

not
apparent

s-2
-

s
k
lij

s
r
r
ij

=
−

κ
α
γ

ij
no

no
m

akes
2

N
eg.

red.
vals.

m
akes

2
N

eg.
red.

vals.
s-3

-
s
k
lij

s
r
r
r
r

=
−

κ
α
γ

r
r

no
no

m
akes

2
N

eg.
red.

vals.
m

akes
2

N
eg.

red.
vals.

T
ab

le
1:

L
ist

of
ad

ju
stm

en
ts

w
e

tested
in

th
e

S
ch

w
arzsch

ild
sp

acetim
e.

T
h
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n
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h
e

eff
ects

to
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p
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κ
>
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m

en
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F
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“E
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equations”
are

tim
e-reversal

invariant.
S
o

...

W
hy

all
negative

am
plification

factors
(A

F
s)

are
available?

E
x
p
la

n
a
tio

n
b
y

th
e

tim
e
-re

v
e
rsa

l
in

v
a
ria

n
ce

(T
R

I)

•
the

adjustm
ent

of
the

system
I,

adjust
term

to
∂

t
︸︷︷︸
(−

) K
ij

︸︷︷︸
(−

)

=
κ

1
α︸︷︷︸
(+

) γ
ij

︸︷︷︸
(+

) H︸︷︷︸
(+

)

preserves
T

R
I.

...
so

the
A
F
s

rem
ain

zero
(unchange).

•
the

adjustm
ent

by
(a

part
of)

D
etw

eiler

adjust
term

to
∂

t
︸︷︷︸
(−

) γ
ij

︸︷︷︸
(+

)

=
−

L
α︸︷︷︸
(+

) γ
ij

︸︷︷︸
(+

) H︸︷︷︸
(+

)

violates
T

R
I.

...
so

the
A
F
s

can
b
ecom

e
negative.

T
herefore

W
e

can
break

the
tim

e-reversal
invariant

feature
of

the
“A

D
M

equations”.
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P
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C
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R
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w
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w
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G
e
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Y
o
n
e
d
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M
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S
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D
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W
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O
U

T
L
IN

E

W
hy

K
yoto-typ

e
A
D

M
w
orks

for
long-term

stable
sim

ulations?

M
uch

b
etter

form
ulations?

R
efs:G

Y
oneda

and
H

S
,
P
hys

R
ev

D
6
3

(2001)
120419

H
S

and
G

Y
oneda,

C
lass.

Q
uant.

G
rav.

1
9

(2002)
1027

G
Y
oneda

and
H

S
,
gr-qc/0204002



1
In

tro
d
u
ctio

n

•
T

.
N

akam
ura,

K
.
O

ohara
and

Y
.
K

ojim
a,

P
rog.

T
heor.

P
hys.

S
uppl.

9
0
,
1

(1987).

•
T

.
N

akam
ura

and
K

.
O

ohara,
in

F
ron

tiers
in

N
u
m

erical
R
elativity

edited
by

C
.R

.
E
vans,

L
.S

.

F
inn,

and
D

.W
.
H

obill
(C

am
bridge

U
niv.

P
ress,

C
am

bridge,
E
ngland,

1989).

•
M

.
S
hibata

and
T

.
N

akam
ura,

P
hys.

R
ev.

D
5
2
,
5428

(1995).

•
T

.W
.
B
aum

garte
and

S
.L

.
S
hapiro,

P
hys.

R
ev.

D
5
9
,
024007

(1999).



2
B

S
S
N

e
q
u
a
tio

n
s

a
n
d

th
e
ir

co
n
stra

in
t

p
ro

p
a
g
a
tio

n
e
q
u
a
tio

n
s

2
.1

B
S
S
N

e
q
u
a
tio

n
s

T
he

standard
A
D

M
form

ulation,

∂
At
γ

ij
=

−
2α

K
ij

+
D

i β
j
+

D
j β

i ,

∂
At
K

ij
=

α
R

A
D

M
ij

+
α
K

K
ij −

2α
K

ik K
k
j −

D
i D

j α
+

(D
i β

k)K
k
j
+

(D
j β

k)K
k
i +

β
kD

k K
ij

H
A

D
M

=
R

A
D

M
+

K
2−

K
ij K

ij,

M
A

D
M

i
=

D
j K

j
i −

D
i K

.

T
he

w
idely

used
B
S
S
N

notation
is

to
introduce

the
variables

(ϕ
,γ̃

ij ,K
,Ã

ij ,Γ̃
i)

ϕ
=

(1/12)
log(d

etγ
ij ),

(1)

γ̃
ij

=
e −

4ϕγ
ij ,

(2)

K
=

γ
ijK

ij ,
(3)

Ã
ij

=
e −

4ϕ(K
ij −

(1/3)γ
ij K

),
(4)

Γ̃
i

=
Γ̃

ijk γ̃
jk

(5)



•
T

he
new

variable
Γ̃

i
w
as

introduced
in

order
to

calculate
R
icci

curvature
m

ore
accurately.

R
A

D
M

ij
=

∂
k Γ

kij −
∂

i Γ
kk
j
+

Γ
lij Γ

klk −
Γ

lk
j Γ

kli ,
(6)

R
B

S
S
N

ij
=

R̃
ij

+
R

ϕij ,
(7)

R
ϕij

=
−

2D̃
i D̃

j ϕ
−

2γ̃
ij D̃

kD̃
k ϕ

+
4(D̃

i ϕ
)(D̃

j ϕ
)−

4γ̃
ij (D̃

kϕ
)(D̃

k ϕ
),

R̃
ij

=
−

(1/2)γ̃
lk∂

l ∂
k γ̃

ij
+

γ̃
k
(i ∂

j) Γ̃
k

+
Γ̃

kΓ̃
(ij)k

+
2γ̃

lm
Γ̃

kl(i Γ̃
j)k

m
+

γ̃
lm

Γ̃
kim

Γ̃
k
lj ,

w
here

D̃
i
is

covariant
derivative

associated
w

ith
γ̃

ij .
T

hese
are

w
eakly

equivalent.

•
the

B
S
S
N

requires
to

im
p
ose

the
conform

al
factor

as

γ̃
(:=

d
etγ̃

ij )
=

1,
(8)

•
R
eplacem

ents
of

term
s

in
the

evolution
equations

using
the

constraints.

∂
Bt
ϕ

=
−

(1/6)α
K

+
(1/6)β

i(∂
i ϕ

)
+

(∂
i β

i),
(9)

∂
Bt
γ̃

ij
=

−
2α

Ã
ij

+
γ̃

ik (∂
j β

k)
+

γ̃
jk (∂

i β
k)−

(2/3)γ̃
ij (∂

k β
k)

+
β

k(∂
k γ̃

ij ),
(10)

∂
Bt
K

=
−

D
iD

i α
+

α
Ã

ij Ã
ij

+
(1/3)α

K
2
+

β
i(∂

i K
),

(11)

∂
Bt
Ã

ij
=

−
e −

4ϕ(D
i D

j α
)
T

F
+

e −
4ϕα

(R
B

S
S
N

ij
)
T

F
+

α
K

Ã
ij −

2α
Ã

ik Ã
k
j

+
(∂

i β
k)Ã

k
j
+

(∂
j β

k)Ã
k
i −

(2/3)(∂
k β

k)Ã
ij

+
β

k(∂
k Ã

ij ),
(12)

∂
Bt
Γ̃

i
=

−
2(∂

j α
)Ã

ij
+

2α
(Γ̃

ijk Ã
k
j−

(2/3)γ̃
ij(∂

j K
)
+

6Ã
ij(∂

j ϕ
))−

∂
j (β

k(∂
k γ̃

ij)

−
γ̃

k
j(∂

k β
i)−

γ̃
k
i(∂

k β
j)

+
(2/3)γ̃

ij(∂
k β

k)).
(13)



C
o
n
stra

in
ts

in
B

S
S
N

sy
ste

m

T
he

norm
al

H
am

iltonian
and

m
om

entum
constraints

H
B

S
S
N

=
R

B
S
S
N

+
K

2−
K

ij K
ij,

(14)

M
B

S
S
N

i
=

M
A

D
M

i
,

(15)

A
dditionally,

w
e

regard
the

follow
ing

three
as

the
constraints:

G
i

=
Γ̃

i−
γ̃

jkΓ̃
ijk ,

(16)

A
=

Ã
ij γ̃

ij,
(17)

S
=

γ̃
−

1,
(18)

A
d
ju

stm
e
n
ts

in
e
v
o
lu

tio
n

e
q
u
a
tio

n
s

∂
Bt
ϕ

=
∂

At
ϕ

+
(1/6)αA

−
(1/12)γ̃

−
1(∂

j S
)β

j,
(19)

∂
Bt
γ̃

ij
=

∂
At
γ̃

ij −
(2/3)α

γ̃
ij A

+
(1/3)γ̃

−
1(∂

k S
)β

kγ̃
ij ,

(20)

∂
Bt
K

=
∂

At
K

−
(2/3)α

K
A

−
αH

B
S
S
N

+
α
e −

4ϕ(D̃
j G

j),
(21)

∂
Bt
Ã

ij
=

∂
At
Ã

ij
+

((1/3)α
γ̃

ij K
−

(2/3)α
Ã

ij )A
+

((1/2)α
e −

4ϕ(∂
k γ̃

ij )−
(1/6)α

e −
4ϕγ̃

ij γ̃
−

1(∂
k S

))G
k

+
α
e −

4ϕγ̃
k
(i (∂

j) G
k)−

(1/3)α
e −

4ϕγ̃
ij (∂

k G
k)

(22)

∂
Bt
Γ̃

i
=

∂
At
Γ̃

i−
((2/3)(∂

j α
)γ̃

ji+
(2/3)α

(∂
j γ̃

ji)
+

(1/3)α
γ̃

jiγ̃
−

1(∂
j S

)−
4α

γ̃
ij(∂

j ϕ
))A

−
(2/3)α

γ̃
ji(∂

j A
)

+
2α

γ̃
ijM

j −
(1/2)(∂

k β
i)γ̃

k
jγ̃

−
1(∂

j S
)
+

(1/6)(∂
j β

k)γ̃
ijγ̃

−
1(∂

k S
)
+

(1/3)(∂
k β

k)γ̃
ijγ̃

−
1(∂

j S
)

+
(5/6)β

kγ̃
−

2γ̃
ij(∂

k S
)(∂

j S
)
+

(1/2)β
kγ̃

−
1(∂

k γ̃
ij)(∂

j S
)
+

(1/3)β
kγ̃

−
1(∂

j γ̃
ji)(∂

k S
).

(23)



A
F
u
ll

se
t

o
f
B

S
S
N

co
n
stra

in
t

p
ro

p
a
g
a
tio

n
e
q
s.

∂
B

S
t

 H
B

S

M
i

G
i

SA



=



A
11

A
12

A
13

A
14

A
15

−
(1/3)(∂

i α
)
+

(1/6)∂
i

α
K

A
23

0
A

25

0
α
γ̃

ij
0

A
34

A
35

0
0

0
β

k(∂
k S

)
−

2α
γ̃

0
0

0
0

α
K

+
β

k∂
k



 H
B

S

M
j

G
j

SA



A
1
1

=
+

(2/3)α
K

+
(2/3)αA

+
β

k∂
k

A
1
2

=
−

4e −
4
ϕ
α
(∂

k ϕ
)γ̃

k
j−

2e −
4
ϕ
(∂

k α
)γ̃

jk

A
1
3

=
−

2α
e −

4
ϕ
Ã

k
j ∂

k −
α
e −

4
ϕ
(∂

j Ã
k
l )γ̃

k
l−

e −
4
ϕ
(∂

j α
)A

−
e −

4
ϕ
β

k∂
k ∂

j −
(1/2)e −

4
ϕ
β

kγ̃
−

1(∂
j S

)∂
k

+
(1/6)e −

4
ϕ
γ̃
−

1(∂
j β

k)(∂
k S

)−
(2/3)e −

4
ϕ
(∂

k β
k)∂

j

A
1
4

=
2α

e −
4
ϕ
γ̃
−

1γ̃
lk(∂

l ϕ
)A

∂
k
+

(1/2)α
e −

4
ϕ
γ̃
−

1(∂
l A

)γ̃
lk∂

k
+

(1/2)e −
4
ϕ
γ̃
−

1(∂
l α

)γ̃
lkA

∂
k
+

(1/2)e −
4
ϕ
γ̃
−

1β
m

γ̃
lk∂

m
∂

l ∂
k

−
(5/4)e −

4
ϕ
γ̃
−

2β
m

γ̃
lk(∂

m S
)∂

l ∂
k
+

e −
4
ϕ
γ̃
−

1β
m

(∂
m

γ̃
lk)∂

l ∂
k
+

(1/2)e −
4
ϕ
γ̃
−

1β
i(∂

j ∂
i γ̃

jk)∂
k

+
(3/4)e −

4
ϕ
γ̃
−

3β
iγ̃

jk(∂
i S

)(∂
j S

)∂
k −

(3/4)e −
4
ϕ
γ̃
−

2β
i(∂

i γ̃
jk)(∂

j S
)∂

k
+

(1/3)e −
4
ϕ
γ̃
−

1γ̃
p
j(∂

j β
k)∂

p ∂
k

−
(5/12)e −

4
ϕ
γ̃
−

2γ̃
jk(∂

k β
i)(∂

i S
)∂

j
+

(1/3)e −
4
ϕ
γ̃
−

1(∂
k γ̃

ij)(∂
j β

k)∂
i −

(1/6)e −
4
ϕ
γ̃
−

1γ̃
m

k(∂
k ∂

l β
l)∂

m

A
1
5

=
(4/9)α

K
A

−
(8/9)α

K
2
+

(4/3)α
e −

4
ϕ
(∂

i ∂
j ϕ

)γ̃
ij

+
(8/3)α

e −
4
ϕ
(∂

k ϕ
)(∂

l γ̃
lk)

+
α
e −

4
ϕ
(∂

j γ̃
jk)∂

k

+
8α

e −
4
ϕ
γ̃

jk(∂
j ϕ

)∂
k
+

α
e −

4
ϕ
γ̃

jk∂
j ∂

k
+

8e −
4
ϕ
(∂

l α
)(∂

k ϕ
)γ̃

lk
+

e −
4
ϕ
(∂

l α
)(∂

k γ̃
lk)

+
2e −

4
ϕ
(∂

l α
)γ̃

lk∂
k

+
e −

4
ϕ
γ̃

lk(∂
l ∂

k α
)

A
2
3

=
α
e −

4
ϕ
γ̃

k
m

(∂
k ϕ

)(∂
j γ̃

m
i )−

(1/2)α
e −

4
ϕ
Γ̃

mk
l γ̃

k
l(∂

j γ̃
m

i )

+
(1/2)α

e −
4
ϕ
γ̃

m
k(∂

k ∂
j γ̃

m
i )

+
(1/2)α

e −
4
ϕ
γ̃
−

2(∂
i S

)(∂
j S

)−
(1/4)α

e −
4
ϕ
(∂

i γ̃
k
l )(∂

j γ̃
k
l)

+
α
e −

4
ϕ
γ̃

k
m

(∂
k ϕ

)γ̃
ji ∂

m

+
α
e −

4
ϕ
(∂

j ϕ
)∂

i −
(1/2)α

e −
4
ϕ
Γ̃

mk
l γ̃

k
lγ̃

ji ∂
m

+
α
e −

4
ϕ
γ̃

m
kΓ̃

ijk ∂
m

+
(1/2)α

e −
4
ϕ
γ̃

lkγ̃
ji ∂

k ∂
l

+
(1/2)e −

4
ϕ
γ̃

m
k(∂

j γ̃
im

)(∂
k α

)
+

(1/2)e −
4
ϕ
(∂

j α
)∂

i
+

(1/2)e −
4
ϕ
γ̃

m
kγ̃

ji (∂
k α

)∂
m

A
2
5

=
−

Ã
k
i (∂

k α
)
+

(1/9)(∂
i α

)K
+

(4/9)α
(∂

i K
)
+

(1/9)α
K

∂
i −

α
Ã

k
i ∂

k

A
3
4

=
−

(1/2)β
kγ̃

ilγ̃
−

2(∂
l S

)∂
k −

(1/2)(∂
l β

i)γ̃
lkγ̃

−
1∂

k
+

(1/3)(∂
l β

l)γ̃
ikγ̃

−
1∂

k −
(1/2)β

lγ̃
in(∂

l γ̃
m

n )γ̃
m

kγ̃
−

1∂
k

+
(1/2)β

kγ̃
ilγ̃

−
1∂

l ∂
k

A
3
5

=
−

(∂
k α

)γ̃
ik

+
4α

γ̃
ik(∂

k ϕ
)−

α
γ̃

ik∂
k



3
C

o
n
stra

in
t

p
ro

p
a
g
a
tio

n
a
n
a
ly

sis
in

fl
a
t

sp
a
ce

tim
e

3
.1

B
S
S
N

co
n
stra

in
t

p
ro

p
a
g
a
tio

n
e
q
u
a
tio

n
s

•
T

he
set

of
the

constraint
propagation

equations,
∂

t (H
B

S
S
N
,M

i ,G
i,A

,S
)
T

?

•
F
or

the
flat

background
m

etric
g

µ
ν

=
η

µ
ν ,

the
first

order
p
erturbation

equations
of

(19)-(23):

∂
t (1)ϕ

=
−

(1/6) (1)K
+

(1/6)κ
ϕ
(1)A

(24)

∂
t (1)γ̃

ij
=

−
2 (1)Ã

ij −
(2/3)κ

γ̃ δ
ij (1)A

(25)

∂
t (1)K

=
−

(∂
j ∂

j (1)α
)
+

κ
K

1 ∂
j (1)G

j−
κ

K
2 (1)H

B
S
S
N

(26)

∂
t (1)Ã

ij
=

(1)(R
B

S
S
N

ij
)
T

F
−

(1)(D̃
i D̃

j α
)
T

F
+

κ
A

1 δ
k
(i (∂

j) (1)G
k)−

(1/3)κ
A

2 δ
ij (∂

k (1)G
k)

(27)

∂
t (1)̃Γ

i
=

−
(4/3)(∂

i (1)K
)−

(2/3)κ
Γ̃
1 (∂

i (1)A
)
+

2κ
Γ̃
2 (1)M

i
(28)

W
e

express
the

adjustem
ents

as

κ
a
dj

:=
(κ

ϕ ,κ
γ̃ ,κ

K
1 ,κ

K
2 ,κ

A
1 ,κ

A
2 ,κ

Γ̃
1 ,κ

Γ̃
2 ).

(29)

•
C
onstraint

propagation
equations

at
the

first
order

in
the

flat
spacetim

e:

∂
t (1)H

B
S
S
N

=
(κ

γ̃ −
(2/3)κ

Γ̃
1 −

(4/3)κ
ϕ

+
2)

∂
j ∂

j (1)A
+

2(κ
Γ̃
2 −

1)(∂
j (1)M

j ),
(30)

∂
t (1)M

i
=

(−
(2/3)κ

K
1
+

(1/2)κ
A

1 −
(1/3)κ

A
2
+

(1/2))
∂

i ∂
j (1)G

j

+
(1/2)κ

A
1 ∂

j ∂
j (1)G

i+
((2/3)κ

K
2 −

(1/2))
∂

i (1)H
B

S
S
N
,

(31)

∂
t (1)G

i
=

2κ
Γ̃
2 (1)M

i +
(−

(2/3)κ
Γ̃
1 −

(1/3)κ
γ̃ )(∂

i (1)A
),

(32)

∂
t (1)S

=
−

2κ
γ̃ (1)A

,
(33)

∂
t (1)A

=
(κ

A
1 −

κ
A

2 )(∂
j (1)G

j).
(34)



E
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N
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C
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u
m

b
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p
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A
m

p
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F
actors

(A
F
s)

in
tex

t.
H

(1)
M

i
(3)

G
i
(3)

A
(1)

S
(1)

in
M

in
kow

sk
ii

b
ack

grou
n
d

0.
stan

d
ard

A
D

M
u
se

u
se

-
-

-
(0,0,�

,�
)

1.
B

S
S
N

n
o

ad
ju

stm
en

t
u
se

u
se

u
se

u
se

u
se

(0,0,0,0,0,0,0,�
,�

)
2.

th
e

B
S
S
N

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

(0,0,0,�
,�

,�
,�

,�
,�

)

3.
n
o
S

ad
ju

stm
en

t
u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se

n
o

d
iff

eren
ce

in
fl
at

b
ack

grou
n
d

4.
n
o
A

ad
ju

stm
en

t
u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se

u
se+

ad
j

(0,0,0,�
,�

,�
,�

,�
,�

)
5.

n
o
G

i
ad

ju
stm

en
t

u
se+

ad
j

u
se+

ad
j

u
se

u
se+

ad
j

u
se+

ad
j

(0,0,0,0,0,0,0,�
,�

)
6.

n
o
M

i
ad

ju
stm

en
t

u
se+

ad
j

u
se

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

(0,0,0,0,0,0,0,�
,�

)
7.

n
o
H

ad
ju

stm
en

t
u
se

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

(0,0,0,,�
,�

,�
,�

,�
,�

)

8.
ign

ore
G

i,A
,S

u
se+

ad
j

u
se+

ad
j

-
-

-
(0,0,0,0)

9.
ign

ore
G

i,A
u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

-
-

(0,�
,�

,�
,�

,�
,�

)
10.

ign
ore

G
i

u
se+

ad
j

u
se+

ad
j

-
u
se+

ad
j

u
se+

ad
j

(0,0,0,0,0,0)
11.

ign
ore

A
u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

-
u
se+

ad
j

(0,0,�
,�

,�
,�

,�
,�

)
12.

ign
ore

S
u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

u
se+

ad
j

-
(0,0,�

,�
,�

,�
,�

,�
)



4
P

ro
p
o
sa

ls
o
f
Im

p
ro

v
e
d

B
S
S
N

sy
ste

m
s

(A
)
A

sy
ste

m
w

h
ich

h
a
s

8
p
u
re

im
a
g
in

a
ry

A
F
s:

–
O

ne
direction

is
to

seek
a

p
ossibility

to
reduce

zero
A
F
s

than
the

standard
B
S
S
N

case
(N

o.2

in
the

previous
section).

U
sing

the
sam

e
set

of
adjustm

ents
in

(24)-(28),
A
F
s

are
w

ritten
in

general

A
F

s
=

(0,±
√−

k
2κ

A
1 κ

Γ̃
2
(2

pairs),±
com

plicated
expression,±

com
plicated

expression).

T
he

term
s

in
the

first
line

certainly
give

four
pure

im
aginary

A
F
s

(tw
o

p
ositive

and
negative

real
pairs)

if
κ

A
1 κ

Γ̃
2
>

0
(<

0).

–
K

eeping
this

in
our

m
ind,

by
choosing

κ
a
dj

=
(1,1,1,1,1,κ

,1,1),
w
e

find

A
F

s
=

(0,±
√
−

k
2
(2

pairs),±
√−

k
2(2

+
κ

+
|κ

−
4|)/6,±

√−
k

2(2
+

κ
−

|κ
−

4|)/6,).

–
T

herefore
the

adjustm
ent

κ
a
dj

=
(1,1,1,1,1,4,1,1)

gives

A
F

s
=

(0,±
√
−

k
2
(4

pairs)),

w
hich

is
one

step
advanced

to
the

standard
A
D

M
according

our
guidelines.

–
W

e
note

that
such

a
system

can
b
e

obtained
in

m
any

w
ays,

e.g.
κ

a
dj

=
(0,0,1,0,2,1,0,1/2)

also
gives

four
pairs

of
pure

im
aginary

A
F
s.



(B
)
A

sy
ste

m
w

h
ich

h
a
s

n
e
g
a
tiv

e
re

a
l
A

F
:

–
O

ne
criterion

to
obtain

a
decaying

constraint
m

ode
(i.e.

an
asym

ptotically
constrained

system
)

is
to

adjust
an

evolution
equation

as
it

breaks
tim

e
reversal

sym
m

etry.

–
F
or

exam
ple,

w
e

consider
an

additional
adjustm

ent
to

the
B
S
S
N

equation
as

∂
t γ̃

ij
=

∂
Bt
γ̃

ij
+

κ
S
D
α
γ̃

ij H
B

S
S
N
,

w
hich

is
a

sim
ilar

adjustm
ent

of
sim

plified
D

etw
eiler-typ

e.

–
T

he
first

order
constraint

propagation
equations

on
the

flat
background

spacetim
e

b
ecom

e

∂
t (1)H

B
S
S
N

=
∂

j ∂
j (1)A

−
(3/2)κ

S
D
∂

j ∂
j (1)H

B
S
S
N
,

∂
t (1)M

i
=

(1/6)∂
i (1)H

B
S
S
N

+
(1/2)∂

j ∂
j (1)G

i,

∂
t (1)G

i
=

−
∂

i (1)A
+

(1/2)κ
S
D
∂

i (1)H
B

S
S
N

+
2 (1)M

i ,

∂
t (1)A

=
−

(∂
j ∂

j (1)α
)
T

F
+

( (1)R
B

S
S
N

jj
)
T

F
,

∂
t (1)S

=
−

2 (1)A
+

3κ
S
D

(1)H
B

S
S
N
,

w
here

w
e

w
rote

only
additional

term
s

to
(30)-(34).

–
T

he
am

plification
factors

b
ecom

e

A
F

=
(0

(×
2),±

√
−

k
2(3

pairs),
(3/2)k

2κ
S
D

),

w
hich

the
last

one
b
ecom

e
negative

real
if

κ
S
D

<
0.



(C
)
C

o
m

b
in

a
tio

n
o
f
a
b
o
v
e

(A
)

a
n
d

(B
)

–
N

aturally
w
e

next
consider

b
oth

tw
o

adjustm
ents:

∂
t γ̃

ij
=

∂
Bt
γ̃

ij
+

κ
S
D
α
γ̃

ij H
B

S
S
N

∂
t Ã

ij
=

∂
Bt
Ã

ij −
κ

8 α
e −

4ϕγ̃
ij ∂

k G
k

w
here

the
second

one
produces

the
8

pure
im

aginary
A
F
s.

–
T

he
additional

term
s

in
the

constraint
propagation

equations
(30)-(34)

are

∂
t (1)H

B
S
S
N

=
∂

j ∂
j (1)A

−
(3/2)κ

S
D
∂

j ∂
j (1)H

B
S
S
N
,

∂
t (1)M

i
=

(1/6)∂
i (1)H

B
S
S
N

+
(1/2)∂

j ∂
j (1)G

i−
κ

8 ∂
i ∂

k (1)G
k,

∂
t (1)G

i
=

−
∂

i (1)A
+

(1/2)κ
S
D
∂

i (1)H
B

S
S
N

+
2 (1)M

i ,

∂
t (1)A

=
−

3κ
8 ∂

k (1)G
k.

∂
t (1)S

=
−

2 (1)A
+

3κ
S
D

(1)H
B

S
S
N
,

–
W

e
then

obtain

A
F

s
=

(0,±
√
−

k
2
(3

pairs),(3/4)k
2κ

S
D
±

√
k

2(−
κ

8
+

(9/16)k
2κ

S
D

))

w
hich

reproduce
(A

)
if

κ
S
D

=
0,κ

8
=

1,
and

(B
)

if
κ

8
=

0.
T

hese
A
F
s

can
b
ecom

e
(0,

pure

im
aginary

(3
pairs),

com
plex

num
b
er

w
ith

negative
real

part
(1

pair)),
w

ith
an

appropriate

com
bination

of
κ

8
and

κ
S
D
.



5
P

ro
p
o
sa

ls
o
f
Im

p
ro

v
e
d

B
S
S
N

sy
ste

m
s

(N
E
W

!!)

5
.1

T
R

S
b
re

a
k
in

g
a
d
ju

stm
e
n
ts

In
order

to
break

tim
e

reversal
sym

m
etry

(T
R
S
)

of
the

evolution
eqs,

to
adjust

∂
t φ

,∂
t γ̃

ij ,∂
t Γ̃

i
using

S
,G

i,
or

to
adjust

∂
t K

,∂
t Ã

ij
using

Ã
.

∂
t φ

=
∂

B
S

t
φ

+
κ

φH
αH

B
S

+
κ

φG α
D̃

k G
k

+
κ

φS
1 αS

+
κ

φS
2 α

D̃
jD̃

j S
∂

t γ̃
ij

=
∂

B
S

t
γ̃

ij
+

κ
γ̃H

α
γ̃

ij H
B

S
+

κ
γ̃G

1 α
γ̃

ij D̃
k G

k
+

κ
γ̃G

2 α
γ̃

k
(i D̃

j) G
k

+
κ

γ̃S
1 α

γ̃
ij S

+
κ

γ̃S
2 α

D̃
i D̃

j S
∂

t K
=

∂
B

S
t

K
+

κ
K
M

α
γ̃

jk(D̃
j M

k )
+

κ
K
Ã

1 αÃ
+

κ
K
Ã

2 α
D̃

jD̃
j Ã

∂
t Ã

ij
=

∂
B

S
t

Ã
ij

+
κ

AM
1 α

γ̃
ij (D̃

kM
k )

+
κ

AM
2 α

(D̃
(i M

j) )
+

κ
AÃ

1 α
γ̃

ij Ã
+

κ
AÃ

2 α
D̃

i D̃
j Ã

∂
t Γ̃

i
=

∂
B

S
t

Γ̃
i+

κ
Γ̃H

α
D̃

iH
B

S
+

κ
Γ̃G

1 αG
i+

κ
Γ̃G

2 α
D̃

jD̃
j G

i+
κ

Γ̃G
3 α

D̃
iD̃

j G
j
+

κ
Γ̃S

α
D̃

iH
B

S

or
in

the
flat

background

∂
A

D
J

t
(1)φ

=
+

κ
φH

(1)H
B

S
+

κ
φG ∂

k (1)G
k

+
κ

φS
1 (1)S

+
κ

φS
2 ∂

j ∂
j (1)S

∂
A

D
J

t
(1)γ̃

ij
=

+
κ

γ̃H
δ
ij (1)H

B
S

+
κ

γ̃G
1 δ

ij ∂
k (1)G

k
+

(1/2)κ
γ̃G

2 (∂
j (1)G

i+
∂

i (1)G
j)

+
κ

γ̃S
1 δ

ij (1)S
+

κ
γ̃S

2 ∂
i ∂

j (1)S
∂

A
D

J
t

(1)K
=

+
κ

K
M

∂
j (1)M

j
+

κ
K
Ã

1 (1)Ã
+

κ
K
Ã

2 ∂
j ∂

j (1)Ã
∂

A
D

J
t

(1)Ã
ij

=
+

κ
AM

1 δ
ij ∂

k (1)M
k

+
(1/2)κ

AM
2 (∂

i M
j
+

∂
j M

i )
+

κ
AÃ

1 δ
ij Ã

+
κ

AÃ
2 ∂

i ∂
j Ã

∂
A

D
J

t
(1)̃Γ

i
=

+
κ

Γ̃H
∂

i (1)H
B

S
+

κ
Γ̃G

1 (1)G
i+

κ
Γ̃G

2 ∂
j ∂

j (1)G
i+

κ
Γ̃G

3 ∂
i ∂

j (1)G
j
+

κ
Γ̃S

∂
i (1)S



5
.2

A
F
s

w
ith

e
a
ch

a
d
ju

stm
e
n
t

ad
ju

stm
en

t
A

F
s

ex
p
ectation

s

κ
φH

(0,0,±
√
−

k
2(∗3),8κ

φH
k

2)
κ

<
0

m
akes

1
N

eg.
κ

φG
(lon

g
ex

p
ression

s)
κ

<
0

m
akes

2
N

eg.
1

P
os.

κ
φS

1
(0,0,0,±

√
−

k
2(∗3))

n
o

eff
ects?

κ
φS

2
(0,0,0,±

√
−

k
2(∗3))

n
o

eff
ects?

κ
γ̃H

(0,0,±
√
−

k
2(∗2),(3/2)κ

γ̃H
k

2)
κ

<
0

m
akes

1
N

eg.
κ

γ̃G
1

(lon
g

ex
p
ression

s)
κ

>
0

m
akes

1
N

eg.

κ
γ̃G

2
(lon

g
ex

p
ression

s)
κ

<
0

m
akes

6
N

eg.
1

P
os.

G
O

O
D

!
κ

γ̃S
1

(lon
g

ex
p
ression

s)
κ

<
0

m
akes

2
N

eg.
1

P
os.

κ
γ̃S

2
(lon

g
ex

p
ression

s)
κ
�

0
m

akes
2

N
eg.

1
P
os.

κ
K
M

(0,0,0,±
√
−

k
2(∗2),(1/3)κ

K
M

k
2±

(1/3) √
k

2(−
9

+
k

2κ
2K
M

))
κ

<
0

m
akes

2
N

eg.

κ
K
Ã

1
(0,0,0,±

√
−

k
2(∗3))

n
o

eff
ects?

κ
K
Ã

2
(0,0,0,±

√
−

k
2(∗3))

n
o

eff
ects?

κ
AM

1
(0,0,±

√
−

k
2(∗3),−

κ
AM

1 k
2)

κ
>

0
m

akes
1

N
eg.

κ
AM

2
(lon

g
ex

p
ression

s)
κ

>
0

m
akes

7
N

eg
E

x
cellen

t!!

κ
AÃ

1
(0,0,±

√
−

k
2(∗2),3κ

AÃ
1 )

κ
<

0
m

akes
1

N
eg.

κ
AÃ

2
(0,0,±

√
−

k
2(∗2),−

κ
AÃ

2 k
2)

κ
>

0
m

akes
1

N
eg.

κ
Γ̃H

(0,0,±
√
−

k
2(∗2),−

κ
AÃ

2 k
2)

κ
>

0
m

akes
1

N
eg.

κ
Γ̃G

1
(lon

g
ex

p
ression

s)
κ

<
0

m
akes

6
N

eg.
1

P
os.

G
O

O
D

!

κ
Γ̃G

2
(lon

g
ex

p
ression

s)
κ

>
0

m
akes

6
N

eg.
1

P
os.

G
O

O
D

!
κ

Γ̃G
3

(lon
g

ex
p
ression

s)
κ

>
0

m
akes

2
N

eg.
1

P
os.

κ
Γ̃S

(lon
g

ex
p
ression

s)
n
o

eff
ects?

(all
zeros?)



(D
)
A

sy
ste

m
w

h
ich

h
a
s

7
n
e
g
a
tiv

e
A

F
s:

(N
E
W

!)

∂
t Ã

ij
=

∂
B

S
S
N

t
Ã

ij
+

κ
AM

2 α
(D̃

(i M
j) )

(35)

κ
AM

2
>

0,
asym

ptotically
constrained

system
.



S
u
m

m
a
ry

T
o
w

a
rd

s
a

sta
b
le

a
n
d

a
ccu

ra
te

fo
rm

u
la

tio
n

fo
r

n
u
m

e
rica

l
re

la
tiv

ity

•
S
e
v
e
ra

l
re

p
o
rts

sa
y

n
u
m

e
rica

l
sta

b
ilitie

s
d
e
p
e
n
d

o
n

th
e

fo
rm

u
la

tio
n
s

to
a
p
p
ly,

a
lth

o
u
g
h

th
e
y

a
re

m
a
th

e
m

a
tica

lly
e
q
u
iv

a
le

n
t.

•
sta

tu
s

=
ch

a
o
tic,

m
a
n
y

tria
ls

a
n
d

e
rro

rs

W
e

trie
d

to
u
n
d
e
rsta

n
d

th
e

b
a
ck

g
ro

u
n
d

sy
ste

m
a
tica

lly.

•
O

u
r

p
ro

p
o
sa

l
=

“
E
v
a
lu

a
te

e
ig

e
n
v
a
lu

e
s

o
f
co

n
stra

in
t

p
ro

p
a
g
a
tio

n
e
q
n
s”

W
e

g
iv

e
sa

tisfa
cto

ry
co

n
d
itio

n
s

fo
r

sta
b
le

e
v
o
lu

tio
n
s.

F
o
u
rie

r
tra

n
sfo

rm
a
tio

n
a
llo

w
s

to
d
iscu

ss
lo

w
e
r-o

rd
e
r

te
rm

s.

•
O

u
r

O
b
se

rv
a
tio

n
=

“
S
ta

b
ility

w
ill

ch
a
n
g
e

b
y

a
d
d
in

g
co

n
stra

in
ts

in
R

H
S
”

W
e

n
a
m

e
d

“
A

d
ju

ste
d

S
y
ste

m
”
.

N
u
m

e
rica

lly
co

n
fi
rm

e
d

in
M

a
x
w

e
ll

sy
ste

m
a
n
d

A
sh

te
k
a
r

sy
ste

m
.

•
O

u
r

O
b
se

rv
a
tio

n
2
=

T
h
e

id
e
a

w
o
rk

s
e
v
e
n

fo
r

th
e

A
D

M
fo

rm
u
la

tio
n

W
e

e
x
p
la

in
th

e
e
ff
e
ctiv

e
p
a
ra

m
e
te

r
ra

n
g
e

o
f
D

e
tw

e
ile

r’s
sy

ste
m

(1
9
8
7
).

W
e

p
ro

p
o
se

d
v
a
rie

ty
o
f
a
d
ju

stm
e
n
ts.

•
O

u
r

O
b
se

rv
a
tio

n
3
=

T
h
e

id
e
a

w
o
rk

s
a
lso

fo
r

th
e

B
S
S
N

fo
rm

u
la

tio
n

W
e

e
x
p
la

in
w

h
y

a
d
ju

stin
g

m
o
m

e
n
tu

m
co

n
stra

in
ts

im
p
ro

v
e
s

th
e

sta
b
ility.

W
e

p
ro

p
o
se
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•
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A
D

M
system
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–
m

odels

∗
linear

w
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rill

w
ave
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∗
S
chw

arzschild
B
H

(if
p
ossible)

–
code

t
h
o
r
n
A
D
M
a
d
j
u
s
t
e
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is
a

subset
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S
t
a
n
d
a
r
d
E
i
n
s
t
e
i
n
/
A
D
M

–
status
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1D
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not
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•
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B
S
S
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∗
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w
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–
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tried
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)

for
linear

w
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and
confirm

ed
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prediction.
B
ut

he
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s

not
to
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further




