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Analytical InstabilitiesAnalytical InstabilitiesAnalytical InstabilitiesAnalytical InstabilitiesAnalytical InstabilitiesAnalytical InstabilitiesAnalytical InstabilitiesAnalytical Instabilities

! Physical InstabilityPhysical InstabilityPhysical InstabilityPhysical Instability
– Caustic, singularityCaustic, singularityCaustic, singularityCaustic, singularity

! Constraint instabilityConstraint instabilityConstraint instabilityConstraint instability
– Constraints violationConstraints violationConstraints violationConstraints violation

! Gauge instabilityGauge instabilityGauge instabilityGauge instability



Gauge Perturbation:  method Gauge Perturbation:  method Gauge Perturbation:  method Gauge Perturbation:  method Gauge Perturbation:  method Gauge Perturbation:  method Gauge Perturbation:  method Gauge Perturbation:  method 
of mathematical analysisof mathematical analysisof mathematical analysisof mathematical analysisof mathematical analysisof mathematical analysisof mathematical analysisof mathematical analysis
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– Infinitesimal coordinate transformationInfinitesimal coordinate transformationInfinitesimal coordinate transformationInfinitesimal coordinate transformation
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! During the integration  …During the integration  …During the integration  …During the integration  …
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Eight  QuasiEight  QuasiEight  QuasiEight  Quasi----linear partial different equationslinear partial different equationslinear partial different equationslinear partial different equations



Short wavelength perturbation …:linear analysis , Short wavelength perturbation …:linear analysis , Short wavelength perturbation …:linear analysis , Short wavelength perturbation …:linear analysis , 
roots of the characteristic polynomialroots of the characteristic polynomialroots of the characteristic polynomialroots of the characteristic polynomial
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! Neglect time dependence of Neglect time dependence of Neglect time dependence of Neglect time dependence of 

)(exp)( xeiqtxz ks
k−∝ ωµ!

M̂

0)ˆˆdet(),( =−⇒ NMeq is ωω

! Wavenumber  Wavenumber  Wavenumber  Wavenumber  

!Re(ωs) can be used to probe illcan be used to probe illcan be used to probe illcan be used to probe ill----posednessposednessposednessposedness

""""Determine the growth of instabilities with in time.Determine the growth of instabilities with in time.Determine the growth of instabilities with in time.Determine the growth of instabilities with in time.
( )∞→∞→ q)Re(ω"



Gauge instabilityGauge instabilityGauge instabilityGauge instabilityGauge instabilityGauge instabilityGauge instabilityGauge instability

! Fixed gauge (. e.g. Fixed gauge (. e.g. Fixed gauge (. e.g. Fixed gauge (. e.g. synchronous gauge …):synchronous gauge …):synchronous gauge …):synchronous gauge …):
- a= a(xa= a(xa= a(xa= a(xµµµµ), ), ), ), ββββiiii = = = = ββββiiii(x(x(x(xµµµµ).).).).

! Algebraic gauge (.e.g.Algebraic gauge (.e.g.Algebraic gauge (.e.g.Algebraic gauge (.e.g.1+log slicing …): 1+log slicing …): 1+log slicing …): 1+log slicing …): 
---- a= a(xa= a(xa= a(xa= a(xµµµµ,g,g,g,gijijijij), ), ), ), ββββiiii = = = = ββββiiii(x(x(x(xµµµµ).).).).

! Differential gauge (.e.g.Maximal slicing):Differential gauge (.e.g.Maximal slicing):Differential gauge (.e.g.Maximal slicing):Differential gauge (.e.g.Maximal slicing):

0, =∇∇ = βααγ iij
ij

ji

ij

KK----



Fixed GaugeFixed GaugeFixed GaugeFixed GaugeFixed GaugeFixed GaugeFixed GaugeFixed Gauge
)(,)( xx ii ββαα µµ ==

Harmonic solutions with Harmonic solutions with Harmonic solutions with Harmonic solutions with ReReReRe(ω)(ω)(ω)(ω) ~q~q~q~q1/21/21/21/2

#### IllIllIllIll----posedposedposedposed

Synchronous gauge:Synchronous gauge:Synchronous gauge:Synchronous gauge: α=αα=αα=αα=α(t)(t)(t)(t) , β=0, β=0, β=0, β=0can avoid thiscan avoid thiscan avoid thiscan avoid this

Follow the gauge perturbation procedures.Follow the gauge perturbation procedures.Follow the gauge perturbation procedures.Follow the gauge perturbation procedures.
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Algebraic GaugeAlgebraic GaugeAlgebraic GaugeAlgebraic GaugeAlgebraic GaugeAlgebraic GaugeAlgebraic GaugeAlgebraic Gauge
)(,),( xx iiij ββγαα µµ ==

⇓
Follow the same  procedures as the aboveFollow the same  procedures as the aboveFollow the same  procedures as the aboveFollow the same  procedures as the above
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Well posed !Well posed !Well posed !Well posed !

future work future work future work future work …………....
),(,),( γββγαα µµ
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However, stability depend on choice of shift!However, stability depend on choice of shift!However, stability depend on choice of shift!However, stability depend on choice of shift!
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Differential Gauge: Differential Gauge: Differential Gauge: Differential Gauge: Differential Gauge: Differential Gauge: Differential Gauge: Differential Gauge: 
Maximal slicing gaugeMaximal slicing gaugeMaximal slicing gaugeMaximal slicing gaugeMaximal slicing gaugeMaximal slicing gaugeMaximal slicing gaugeMaximal slicing gauge
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Through the same procedureThrough the same procedureThrough the same procedureThrough the same procedure

# IllIllIllIll----posedposedposedposedq 2/1)Re( ∝ω
Note: illNote: illNote: illNote: ill----posedness comes from asymptotic qposedness comes from asymptotic qposedness comes from asymptotic qposedness comes from asymptotic q1/2 1/2 1/2 1/2 

behavior of parabolic structurebehavior of parabolic structurebehavior of parabolic structurebehavior of parabolic structure
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Physical meaning of Physical meaning of Physical meaning of Physical meaning of Physical meaning of Physical meaning of Physical meaning of Physical meaning of 
gauge instabilitygauge instabilitygauge instabilitygauge instabilitygauge instabilitygauge instabilitygauge instabilitygauge instability
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!ADM 3+1 formulationADM 3+1 formulationADM 3+1 formulationADM 3+1 formulation

( ) )0,0,(,1,1, KdiagKdiag ijij == γγ

----Flat spacetime: OneFlat spacetime: OneFlat spacetime: OneFlat spacetime: One----dimensional solutionsdimensional solutionsdimensional solutionsdimensional solutions
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For For For For β  β  β  β  is nonis nonis nonis non----zero zero zero zero ####
strong hyperbolic and well posedstrong hyperbolic and well posedstrong hyperbolic and well posedstrong hyperbolic and well posed

Well posed: Well posed: Well posed: Well posed: ReReReRe(ω)(ω)(ω)(ω) ~O(1)~O(1)~O(1)~O(1)
However, unstable for small perturbation unlessHowever, unstable for small perturbation unlessHowever, unstable for small perturbation unlessHowever, unstable for small perturbation unless
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stability analysisstability analysisstability analysisstability analysis



----Instability of a synchronous coordinate Instability of a synchronous coordinate Instability of a synchronous coordinate Instability of a synchronous coordinate 
systemsystemsystemsystem

Synchronous gauge has Synchronous gauge has Synchronous gauge has Synchronous gauge has 
caustic (blow up) instabilitycaustic (blow up) instabilitycaustic (blow up) instabilitycaustic (blow up) instability

This is different instability from This is different instability from This is different instability from This is different instability from 
respect to small perturbations of respect to small perturbations of respect to small perturbations of respect to small perturbations of 
coordinatescoordinatescoordinatescoordinates

⇓HoweverHoweverHoweverHowever



----Gauge instabilities in acceleration Gauge instabilities in acceleration Gauge instabilities in acceleration Gauge instabilities in acceleration 
systems:systems:systems:systems:

IllIllIllIll----posedness of fixed posedness of fixed posedness of fixed posedness of fixed 
gauges with spatially gauges with spatially gauges with spatially gauges with spatially 
nonnonnonnon----uniform lapse uniform lapse uniform lapse uniform lapse 

⇒
deformation of the deformation of the deformation of the deformation of the 
frame and the frame and the frame and the frame and the 
prescribed acceleration prescribed acceleration prescribed acceleration prescribed acceleration 
of particlesof particlesof particlesof particles

Using the Rindler frame which is constructed Using the Rindler frame which is constructed Using the Rindler frame which is constructed Using the Rindler frame which is constructed 
from the world lines of particles moving with from the world lines of particles moving with from the world lines of particles moving with from the world lines of particles moving with 
accelerationsaccelerationsaccelerationsaccelerations

IllIllIllIll----posed to well posed to well posed to well posed to well 
posed but unstable posed but unstable posed but unstable posed but unstable 
gauge with gauge with gauge with gauge with ReReReRe(ω)αβ(ω)αβ(ω)αβ(ω)αβ−−−−1111

⇒
Fixed coordinate will Fixed coordinate will Fixed coordinate will Fixed coordinate will 
decrease with decrease with decrease with decrease with 
increasing increasing increasing increasing ββββ



----Instability of rotating reference framesInstability of rotating reference framesInstability of rotating reference framesInstability of rotating reference frames

Rotation and Coriolis forces Rotation and Coriolis forces Rotation and Coriolis forces Rotation and Coriolis forces 
do not change the nature of do not change the nature of do not change the nature of do not change the nature of 
instabilityinstabilityinstabilityinstability
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SummarySummarySummarySummarySummarySummarySummarySummary

! Fixed gauge is illFixed gauge is illFixed gauge is illFixed gauge is ill----posed except synchronous posed except synchronous posed except synchronous posed except synchronous 
gaugegaugegaugegauge

! Algebraic gauge is wellAlgebraic gauge is wellAlgebraic gauge is wellAlgebraic gauge is well----posed and stable posed and stable posed and stable posed and stable 
depending on choice of gauge.depending on choice of gauge.depending on choice of gauge.depending on choice of gauge.

! Differential gauge is illDifferential gauge is illDifferential gauge is illDifferential gauge is ill----posed without shift.posed without shift.posed without shift.posed without shift.

Gauge instabilities have explicit physical meaning Gauge instabilities have explicit physical meaning Gauge instabilities have explicit physical meaning Gauge instabilities have explicit physical meaning 
…………



Future WorksFuture WorksFuture WorksFuture WorksFuture WorksFuture WorksFuture WorksFuture Works
! Extend stability analysis to particular type of Extend stability analysis to particular type of Extend stability analysis to particular type of Extend stability analysis to particular type of 

gauge: .e.g. 1+log slicing, hyperbolic shifts … gauge: .e.g. 1+log slicing, hyperbolic shifts … gauge: .e.g. 1+log slicing, hyperbolic shifts … gauge: .e.g. 1+log slicing, hyperbolic shifts … 
.e.g. ….e.g. ….e.g. ….e.g. …

i
t

i
tn

i
t

t

k
KKf

βηβ

ααα

∂−Γ∂
Ψ

=∂

Ψ−−=∂
~

,/))((

2

4
0

2

!Numerical experiments!Numerical experiments!Numerical experiments!Numerical experiments!


