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HowtodoBHExcisionin3D?

xyzgrid,cubicalexcisionregioncouldalsotryxyzgrid,

“cubewithcornerscutoff”

excisionregion

(generalizes2Doctagon)

⇒continuumcausalityproblemsatcorners,

finitedifferencingisbadtoo

xyzgrid,lego-sphereexcisionregion

⇒veryhardtostablelyfinitedifferenceatexcisionsurface

(r,θ,φ)grid,sphericalexcisionregion

⇒nicefinitedifferencingatexcisionsurface

easytousenonuniformgridinrtoputouterboundaryfartherout

sphericalouterboundaryforradiationBCs

zaxiscoordinatesingularity

multiplegridpatches,sphericalexcisionregion

⇒potentiallysameadvantagesas(r,θ,φ)grid

needinter-patchinterpolation(stability?)
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⇒thisproject

trickyupdatesforghost-zonecorners

maybetrickytouseexistingunigridsoftware



ProjectOverview/Context

Goals:

•try3DmultiplegridpatchesforBHexcision

•seehowserioustheproblems(stability,trickycoding)areinpractice

SimplifyingAssumptions:

•everyslicecontainsa(single)BHattheorigin⇒excised

•vacuumEinsteinequationsonly–nomatter,noshocks

Code:

•gridisr×{multiplepatchescoveringS
2
}

•freeevolution,ADMorBSSNformulationoftheEinsteinequations

•4thorderfinitedifferencing(3rdor4thorderforradialboundaries)

•standalonecode,not(yet?)inCactus

•maintestcasesofarisevolutionofKerr(J/m
2

=0.6)(coords⇒∂tu=0)

•inthefuture,shouldbeabletoevolvedistortedrotatingBH



MultipatchDesignIssues

Generalissues:

•WhatformulationoftheEinsteinequations?

•Howmanypatches(whatcoordinates/grids)tocoverthedomain?

•WhattensorbasisfortheEinsteinequations?

Issuesmorespecifictothisproject:

•Shouldadjacentpatcheshavea∆xgapbetweenthem,justtouch,oroverlap?

•Howtocoordinate-transformBSSNΓ̃
i

inghostzones?

•Howtohandleghost-zonecorners?

•Howtohandle“triple”ghost-zonecorners?

•HowtodomultiplepatchesinCactus,ormoregenerally,howto

reuse/interoperatewithexistinguni-patchsoftware?



HowManyPatches(WhatCoordinates)toCoverS
2
?

2patches(stereographiccoordinates)

•relativelysimple:onlyoneinterpatchboundary

•canuseethformalism

•relativelylargecoordinatedistortionnearpatchboundaries

⇒lessaccuratefinitedifferencing

•eithertheequatorisn’tagridline(irregularoverlapbetweenpatches)

or(maybe?)there’sazaxiscoordinatesingularity

6patches(“inflatedcube”coordinates)

•relativelycomplex:manyinterpatchboundaries

•relativelylowcoordinatedistortionnearpatchboundaries

⇒accuratefinitedifferencing

•canhaveadjacentpatchesshare⊥andrcoordinates

⇒onlyneed1D(‖)interpatchinterpolation



6-Patch“InflatedCube”CoordinatesandTopology

Iuse6angularpatchestocoverS
2
,withangularcoordinates...

inneighborhoodof±zaxis:(rotationaboutxaxis,rotationaboutyaxis)

inneighborhoodof±xaxis:(rotationaboutyaxis,rotationaboutzaxis)

inneighborhoodof±yaxis:(rotationaboutxaxis,rotationaboutzaxis)

rcoordinateiscommontoallpatches

andadjacentpatchesshare⊥coordinates

⇒onlyneed1D(‖)interpatchinterpolation

tofillinghost-zonevalues(ghostzones

alwaysoverlapneighboringpatches)

figureshows3-patchsystemcovering

(+,+,+)octantofS
2
;4/5/6patches

coverquadrant/hemisphere/fullsphere

figureshowsadjacentpatchesjust

touching(ghostzonesoverlap)



WhatTensorBasisfortheEinsteinEquations?

xyzbasiseverywhere

•noneedforinterpatchcoordinatetransformation

•maybeeasiertointerfacetoother(xyz-grid)software?

•musttransformgridfinitedifferencesintoxyzpartialderivatives

(≡useanon-coordinatebasis)everywhereinthegrid⇒maybeslow

•hardertotreatrspecially(eitherforexcisionFDorforradiationBCs)

eachpatchusesitsownlocalcoordinatebasis

•mustdointerpatchcoordinatetransformations

(onlytensorsforADM,butBSSNΓ̃
i
requires∂kφinghostzones!)

•butonlyneedtheseatpatchboundaries

⇒patchinteriors(=mostgridpoints)canrunatfullspeed

•easytotreatrspecially(eitherforexcisionFDorforradiationBCs)



InterpatchCoordinateTransformations

Assumeweknowtheinterpatchcoordinatetransformationanalytically.Then...

•ADMgijandKijaretensors⇒easytotransform:Kab(p)=Y
i
aY

j
bKij(q)

•BSSNg̃ijandÃijaretensordensities(andφ=log(tensordensity))

⇒stilleasytotransform:Ãab(p)=
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•BSSNΓ̃
i

isnotatensordensity⇒hardtotransform:
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⇒Needspatialpartialderivativesofφ,inghostzones!Icansee2options:

–Weareinp’sghostzone,whichispresumablyinq’sinterior,so∂`φ(q)is

easy.Weknowtheφ(p)↔φ(q)transformation,sowecanwrite∂bφ(p)in

termsof∂`φ(q).(Actuallythisisonlyneededfor∂⊥(p)φ(p),since∂rφ(p)

and∂‖(p)φ(p)are‖toboundary⇒okforfinitedifferencing.)

⇒Problem:gridsareincommensurate⇒needmoreinterpolation.

–Haveadouble-widthghostzoneforφ.

⇒Conceptuallysimple,butabitmessytoimplement.



GhostZoneUpdatesatPatchCornersareTricky

symmetry-symmetry
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MultiplePatchesinCactus

Itwouldbenicetobeabletodomulti-patchinCactus.Howtodothis?

Inorderfrom“clean/elegant,butlotsofworktoimplement”to“quick-n-dirty”:

•multi-models:Cactusknowsaboutmultiplegridpatches

problem:multi-modelsaren’tplannedforCactusuntil≥4.1

(probably&18monthsfromnowinpractice)

•writeamulti-patchdriver

problem:Cactusdriverinterfaceisn’tthatwelldocumented

thoughinpracticethismaynotbeasevereproblem

problem:must“reinventthewheel”forlotsofstuffinexistingdrivers

•haveeachpatchbeaCarpetgridorgrids,

dointerpatchinterpolationasCarpet“boundaryconditions”

•tilepatchesontoCactusgrid,fixupinterpatchboundariesbyhand

•interpolateCactusinitialdataintomulti-patchgrid,

interpolatemulti-patchresultsbacktoCactusforanalysis



ProjectStatus

Oldversionofthecode(ADMonly):

•asexpectedforADM,thereisanoverallconstraint-violatinginstability

whichseemstobeunrelatedtothemultipatchstructure

•finitedifferenceinstabilityat“triplecorner”where3patchesmeet

(Very)Newversionofthecode(slightlydifferentinterpatchinterpolation):

•ADMdoesnotshowthe“triplecorner”instability,butinsteada

medium-wavelengthinstabilityalonginterpatchboundaries.

•BSSNshowsnosignsofanymultipatchinstabilitiesouttot=100m

codecurrentlyusesDirichletouterBC⇒outerboundaryinstability

(appeartobeunrelatedtomultipatch)

•thereisnosignofanyinstabilityatthe“triplecorner”

•thereisnosignofanyinstabilityattheexcisionboundary

•4thorderconvergenceinpatchinteriors,3rdordernearinterpatchboundaries



SampleResults:BSSN,Kerra=0.6→t=100m

Thisconstraintviolationdoesnotseem

togrowwithtime(atleastfort≤100m)
Crel≡

(3)R−KijK
ij

+K2

|(3)R|+|KijKij|+K2
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