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Moti vation and Intr oduction

Why do I want to do constrained evolution?

Achieve stable evolutions without constraint subtraction

Avoid situation speci�c parameter tuning

Make the evolution as simple as possible ( e.g. Simple gauges and
boundary conditions, no special differencing tricks ).
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Moti vation and Intr oduction

Has constrained evolution been done before?
Yes. Here are some examples:
Constrained Axisymmetric Evolutions:

“Enforcing the Momentum Constraints During Axisymmetric
Spacelike Simulations" in Frontiers in Numerical Relativity, C. Evans, L.
Finn, and D. Hobill, editors. (Cambridge University Press, Cambridge
1989).
In this reference the full equations (

���

� ) are solved.

A. Abrahams and C. Evans, “Trapping a geon: Black hole formation
by an imploding gravitational wave", Phys. Rev. D 46 R4117 ( 1992 ).
In this reference only the Hamiltonian constraint (

�
� � ) is solved.

“An Axisymmetric Gravitational Collapse Code" ( M. Choptuik, E.
Hirschmann, S. Liebling, F. Pretorius ) Class. Quant. Grav. 20 1857-1878
(2003).
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Moti vation and Intr oduction

What about 3-D constrained evolution?
Yes. I am aware of only two:

Erik Schnetter, “Gauge �xing for the simulation of black hole
spacetimes" ( Dissertation 2003 ± Universität Tübingen )

Matthew Anderson and Richard Matzner, “Extended Lifetime in
Computational Evolution of Isolated Black Holes",
(http://xxx.arxiv.org/abs/gr-qc/0307055)
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Moti vation and Intr oduction

What about the performance costs of constrained evolution?
Exact solution of the constraints to round off precision is not necessary. It is suf�cient to

solve the problem to a particular accuracy that is small relative to the error generated in

one timestep.

See G, Toth, Journal of Computational Physics, 161, 605-652 (2000)

We have found performance costs ranging from acceptable ( � 2) to good
(%30), depending on the solve tolerance. These results were achieved
using the PETSc toolkit.
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CodeSpeci�cs

Uses Excision radius of

���

�
�

�

, unless otherwise noted ( e.g.
collision case )

Excision boundary is spherical ( “lego" shaped ).

All spatial differences are 4th order

Evolution method is Adams-Moulton ( via SUNDIALS ); elliptic solver
uses GMRES ( via PETSc )

At excision boundary, �nite differences are one-sided

Uses dirichlet outer boundary condition.

The gauge is analytic.

For the constraint solver, inner and outer boundaries are �x ed.

Constraint solver does not solve zones immediately next to the
excision region.

The results that are presented all use Kerr-Schild coordinates
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Constraint Subtraction

Isolated Schwarzschild Hole
Domain: �

� �

�

� � �

� �

�

Constraint Subtraction:

�

��� �� �

��

��

�

�

��� �	

�




��

�

Constraint Subtraction works, but requires tuning.

See also Hisa-aki Shinkai and Gen Yoneda [arXiv:gr-qc/0209111]
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Conformal Method for Solving �
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See J. Bowen, J. York, Phys. Rev. D21, 2047 ( 1980 )
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Constraint SolvingOnly

Notes:

The following cases are “raw ADM" : no constraint subtraction

Actual convergence measured is slightly better than 4th order (

�

�

�

�

�

�

�

�

�

��

)

Apparent horizon calculations were performed on the lower
resolution case using Mijan Huq's solver ( See M. Huq, M. Choptuik,
R. Matzner Phys. Rev. D. 66, 084024 ( 2002 ) )
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Constraint SolvingOnly

Isolated Kerr-Schild Black Hole Domain: �
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Constraint SolvingOnly

Momentum Constraint Violations
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Differ encein � �

Difference in �

� � at time 10M and 1000M

Max Difference: 0.0026

Min Difference: -0.0013

Contours: 0.00005
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IndependentResidualEvaluation

Notes on the Residual Evaluator

Evaluator is completely independent of evolution code

All time and spatial derivatives necessary are
calculated in the evaluator

Evaluator uses ®nite difference choices that are
different from those in the evolution code

Evaluator uses �

�� , �,

�

�

output from code

Evaluator does not use
!

��
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IndependentResidualEvaluation
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No Constraint Subtraction

The output from these runs was fed into the residual evaluator

2 December 2003 – p.14/19



IndependentResidualEvaluation
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Constraint SolvingOnly

Isolated Schwarzschild Hole
Domain: �
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No Constraint Subtraction

Problems are right next to mask ( where no solving occurs )
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Pre-Merger Binary Black Hole
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Post-Merger Binary Black Hole
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Curr ent and Futur eWork

Currently:

Performing experiments with higher-resolution and smaller excision
region for large domain constrained evolutions.

Performing mesh-re�ned cases of constrained evolution for large
domain ( �

�

�

� � �

�

�

�

) single black holes spacetimes.

Future:

Implement constrained evolution in some other 3+1 formulation.

Re-visit binary black hole collisions and perform them on much larger
domains.
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